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A BSTRACT
This work proposes a time-efficient Natural Gradient Descent method, called TENGraD, with linear
convergence guarantees. Computing the inverse of the neural network’s Fisher information matrix
is expensive in NGD because the Fisher matrix is large. Approximate NGD methods such as KFAC
attempt to improve NGD’s running time and practical application by reducing the Fisher matrix
inversion cost with approximation. However, the approximations do not reduce the overall time
significantly and lead to less accurate parameter updates and loss of curvature information. TENGraD,
improves the time efficiency of NGD by computing Fisher-block inverses with a computationally
efficient covariance factorization and reuse method. It computes the inverse of each block exactly
using the Woodbury matrix identity to preserve curvature information while admitting (linear) fast
convergence rates. Our experiments on image classification tasks for state-of-the-art deep neural
architecture on CIFAR-10, CIFAR-100, and Fashion-MNIST show that TENGraD significantly
outperforms state-of-the-art NGD methods and often stochastic gradient descent in wall-clock time.

1

Introduction

Second order methods specifically Natural Gradient Descent (NGD) [1, 2, 3, 4] have gained traction in recent years as
they accelerate the training of deep neural networks (DNN) by capturing the geometry of the optimization landscape [5]
with the Fisher Information Matrix (FIM) [6, 4, 7]. NGD’s running time depends on both the convergence rate and
computations per iteration which typically involves computing and inverting the FIM [8]. Exact NGD [9] methods
demonstrate improved convergence compared to first order techniques such as Stochastic Gradient Descent (SGD)[10],
and approximate NGD variants attempt to improve the time per iteration, hence the overall time, with approximation
[8, 11, 12]. However, to our knowledge, none of the current approximate NGD approaches outperform or are comparable
with the end-to-end wall-clock time of tuned SGD when training DNNs [8, 11, 12].
Exact NGD methods such as [9] and [13] improve the convergence of training DNNs compared to first-order methods,
however, they are typically expensive and do not scale due to high computational complexity per iteration. The work in
[13] derives an analytic formula for the linear network using the generalized inverse of the curvature which cannot be
used for training state-of-the-art models due to lack of non-linear activation functions. Zhang et al. [9] extend NGD
to deep nonlinear networks with non-smooth activations and show that NGD converges to the global optimum with a
linear rate. However, their method fails to scale to large or even moderate size models primarily because it relies heavily
on backpropagating Jacobian matrices, which scales with the network’s output dimension [14]. In [15] the authors use
Woodbury identity for the inversion of Fisher matrix and propose a unified framework for subsampled Gauss-Newton
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and NGD methods. Their framework is limited to fully connected networks and relies on empirical Fisher and requires
extra forward-backward passes to perform parameter updates which slows down the training [16, 14].
Approximate NGD approaches such as [8, 11, 12, 17, 18, 19] attempt to improve the overall execution time of NGD
with FIM inverse approximation, however, due to costly operations in the inverse approximation process they do not
noticeably reduce the overall NGD time. In these methods, the FIM is approximated with a block-diagonal matrix,
where blocks correspond to layers. The dimension of each block scales with the input and output dimension of the layer
and therefore it cannot be computed and inverted efficiently for wide layers. To alleviate this cost, some methods further
approximate each block inverse to reduce its size and computation complexity. For example, KFAC [8], approximates
each block inverse using the Kronecker product of two smaller matrices, i.e. Kronecker factors. However, these factors
have large sizes for wide layers and hence their inversion is expensive. EKFAC [11] improves the approximation used
in KFAC by rescaling the Kronecker factors with a diagonal matrix obtained via costly singular value decompositions.
Other work such as KBFGS [12] further estimates the inverse of Kronecker factors using low-rank BFGS types updates.
WoodFisher [20] estimates the empirical FIM block inverses using rank-one updates, however, this estimation will not
contain enough useful curvature information to produce a good search direction [21]. Our proposed method, TENGraD,
improves the time efficiency of NGD by reducing the FIM block inversion cost using a computationally efficient
covariance factorization and reuse of intermediate values method.
Recent work such as [9, 13] show that exact NGD converges to the global optimum with a linear convergence rate. Work
such as [15] analyze convergence for the Levenberg-Marquardt variant of NGD without specifying the convergence rate.
The work in [9] provides the convergence analysis of KFAC for a shallow two-layer fully connected network where
the convergence rate depends on the condition number of input data. Goldfarb et al. [12] follow the framework for
stochastic quasi-Newton methods and prove that KBFGS converges with a sublinear rate for a network with bounded
activation functions. TENGraD improves the convergence properties of approximate NGD methods and has a linear
convergence rate for DNNs with non-smooth activation functions.

(c) Fully connected layer.
(a) Loss vs epochs.

(b) Loss vs time.

Figure 1: Training loss vs epoch and time for CIFAR-100 on DenseNet, and a fully connected layer.
Motivation and contributions: Figure 1a and Figure 1b show the performance of approximate NGD methods
(including TENGraD) and SGD for an image classification benchmark on a DNN. As shown in Figure 1a, the NGD
methods provide more accurate updates resulting in a better loss reduction compared to SGD. However, as shown
in Figure 1b, despite efforts made by approximate NGD methods to improve the overall time, none are competitive
with tuned SGD with momentum. TENGraD is the first NGD based implementation, which we call a time-efficient
implementation, that outperforms other approximate NGD methods as well as SGD (under certain conditions) in overall
time while benefiting from the convergence properties of second-order methods.
In the following, we demonstrate for a fully connected layer shown in Figure 1c, why TENGraD is more time-efficient
compared to state-of-the-art approximate NGD methods. Figure 2 shows KFAC, EKFAC, KBFGS, and TENGraD.
All methods first use a block-approximate approach to create the blocked matrix Fl . KFAC, EKFAC, and KBFGS
approximate Fl with a Kronecker product of two Kronecker factors A and B. Because the size of factors is proportional
to the input and output dimension of a layer, i.e. di and do , their inversion is costly to compute for wide layers and is
cubic in input and output dimensions, i.e. O(d3i + d3o ).EKFAC creates factors UA and UB with a complexity that is
also cubic in input and output dimensions of a layer. It also computes the scaling factor S by performing m number of
matrix multiplications with the SVD factors. The rank-2 BFGS updates in KBFGS lead to a computation complexity
that is quadratic in the input and output size of a layer.
TENGraD computes the exact inverse of Fisher-blocks using the Woodbury matrix identity so the inverse is factorized
into matrices C1 and C2 using a novel method called covariance factorization. The size of C1 and C2 is equal to a
2
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Figure 2: The TENGraD method vs Kronecker-factored approaches for a fully connected layer.
mini-batch size, i.e. m × m, which is typically in the order of hundreds hence considerably smaller and easier to inverse
compared to Kronecker factors in other NGD methods. Other matrices, i.e. A0 and B 0 , involved in the Fisher-block
inverse in TENGraD, are reused. This accelerates the inverse computation as it removes extra passes on the network via
storing intermediate values computed during the forward-backward passes. As a result, TENGraD becomes an actual
time-efficient approximate NGD method and improves the overall time. Also, to the best of our knowledge, we are the
first to prove the linear rate convergence of approximate NGD methods for deep neural networks with ReLU activation
functions. Our contributions are:
• A time-efficient NGD method called TENGraD that computes the exact inverse of Fisher blocks efficiently by
using a covariance factorization and reuse technique. Extension of TENGraD to convolutional layers using
tensor algebra.
• Empirical demonstration that TENGraD outperforms overall time of state-of-the-art NGD methods and SGD
on well-known deep learning benchmarks.
• TENGraD converges to the global optimum with a linear rate if exact gradients are used with an iteration
complexity of O (log(1/)) which is comparable to exact NGD methods.

2

Background and Definitions

A deep neural network transforms its input x to an output f (W ; x) through a series of L layers where W is the vector
of network parameters. During the forward pass, layer l performs a linear transformation on its input of m samples, i.e.
l
l
l
Il ∈ Rdi ×m , parameterized with Wl ∈ Rdi ×do , and computes its outputs or pre-activations, Ol = Wl> Il , followed by
a nonlinear activation function such as ReLU. The optimal parameters are obtained by minimizing the average loss L
over the training set during the backward pass:
n

L(W ) =

1X
`(f (W ; xi ), yi )
n i=1

(1)

where W ∈ Rp is the vector containing all of the network’s parameters concatenated together, i.e.
[vec(W1 )> vec(W2 )> ...vec(WL )> ]> , vec(M ) is the operator which vectorizes matrix M by stacking columns together, and ` measures the accuracy of the prediction (e.g. cross entropy loss).
Gradient and Jacobian in DNN. Optimization methods that aim to minimize the average
Pm loss in Equation 1 work with
1
gradient computations. The average gradient over mini-batch m is defined as g = m
i=1 ∇W `(f (W ; xi ), yi ) which
is obtained using standard backpropagation. In the backpropagation, each layer l receives the gradient w.r.t its output,
l
1
i.e. the pre-activation derivatives Gl ∈ Rdo ×m , and computes the gradient w.r.t its parameters, i.e. gl = m
Il Gl> . The
Jacobian of loss w.r.t the parameters for a single output network is defined as J = [J1> , ..., Jn> ]> ∈ Rn×p where Ji
is the gradient of loss w.r.t the parameters. In the stochastic setting, for a layer l the Jacobian of loss w.r.t the layer
l l
parameters is approximated via Jl = (Il ∗ Gl )> ∈ Rm×di do .
3
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NGD update rule. Natural gradient descent scales the gradient with the inverse of FIM as follows:
−1

W (k + 1) = W (k) − η (F (W (k)) + αI)

g(k)

(2)

where η is the learning rate, α is the damping parameter, F is the FIM of the model’s conditional distribution Py|x and
is defined as F = EP(x,y) [∇W log pW (y|x)∇W log pW (y|x)> ] where pW is the model’s density function. Since F is
singular for over-parameterized models, a non-negative damping term α is added to make it invertible. As shown in [5],
the FIM coincides with Gauss-Newton matrix if the conditional distribution is in the exponential family which implies:
n

F (W (k)) =

1 X
∇W `i ∇W `i >
m i=1

W =W (k)

=

1
J (k)> J (k)
n

where `i = `(f (W ; xi ), yi ), J (k) = [J1 (k)> , ..., Jn (k)> ]> and Ji (k) = ∇W `i
F (k) = F (W (k)) to simplify the notations.

(3)

W =W (k)

. Hereafter, we use

Notations. Following notations are used in the paper: [L] := {1, ..., L}, Diagi=[L] (Ai ) is the block diagonal matrix
with matrices {A1 , ..., AL } on its diagonal; X ∈ Rn×d is the input data, i.e. X = [x1 , ..., xn ]> . λmin (M ) is the
smallest eigenvalue of matrix M ; Hadamard product between two matrices is ; the Kronecker product is ⊗; k.k2 for
the Euclidean norm of vectors/matrices; and ∗ is for the column-wise Khatri-Rao product; A:i is used to denote the i-th
columns of matrix A.

3

Time-Efficient NGD with Exact Fisher-block Inversion

The computation bottleneck in NGD is (F (k) + αI)−1 and its gradient product. Naively computing the Fisher inverse
is impractical due to its large size, i.e. p2 where p is the number of parameters and can be millions. Therefore, the Fisher
matrix is typically approximated with a block-diagonal matrix F̂ = Diag (F1 , ..., FL ) where block Fl corresponds to
layer l [8]. As a result, (F̂ + αI)−1 becomes a block diagonal matrix. TENGraD computes the exact inverse of each
block, i.e. (Fl + αI)−1 (hereafter, all computations are performed on one block, thus, l is removed from notations).
TENGraD uses the Woodbury identity for each Fisher-block:

W (k + 1) = W (k) −


>

η
J (k)J (k)>
g(k) − J (k)
+ αI

m
α
|m
{z } |
{z
C

A

−1



J (k)g(k)
| {z }
}

(4)

B

where W , g, and J are the parameters, gradient, and Jacobian associated with the Fisher-block (we drop the index
k to simplify the notations). Main steps of the new update rule are: (A) computing and inverting the Gram Jacobian
J J > , which is costly because the Jacobian J and a matrix-matrix multiplication have to be computed, (B) scaling of
the gradient g(k) using the Jacobian to transform the gradient into input space, and (C) rescaling with J > to transform
back to the parameter space. The Gram matrix J J > computation in (A) has high complexity and is proportional to both
input and output dimensions of a layer, i.e. O(mdi do ). TENGraD mitigates this cost with covariance factorization
that factors the Gram Jacobian into a low-cost operation between two small matrices. Steps (B) and (C) also involve
Jacobian vector products that are orders of magnitude more computationally expensive than a gradient computation
[14]. TENGraD mitigates this cost by reusing the input and activations computed during the forward-backward pass.
3.1

Covariance Factorization and Reusing of Intermediate Values in TENGraD

TENGraD factors the Gram matrix J J > into two smaller m × m matrices C1 and C2 called covariance factors such that
J J > = C1 C2 , m is the batch size. These factors can be obtained with low overhead as batch size is typically small.
For only one sample and for the fully connected layer in Figure 1c, with the input I and the pre-activations O = W > I,
we show the low-rank property of the gradient and how it is leveraged to reduce the computation complexity of
the Gram Jacobian. The gradient of the loss w.r.t parameter θl for input sample i is computed using the input and
pre-activation derivatives by gi = I:i G:i> . The gradient gi is the outer product of two vectors and therefore a rank-one
matrix. The (i, j) element of Gram Jacobian is the inner product of vectorized gradients of two samples i and j, i.e.
[J J > ](i,j) = hvec(gi ), vec(gj )i. With vec(uv > ) = v⊗u, the Gram Jacobian becomes [J J > ]i,j = hI:i ⊗G:i , I:j ⊗G:j i
>
>
>
>
and with hu1 ⊗ v1 , u2 ⊗ v2 i = u>
1 u2 · v1 v2 , it is rewritten as [J J ]i,j = I:i I:j · G:i G:j . As a result, the (i, j)-th
element of the Gram Jacobian is efficiently computed without forming the gradients. Extended to a mini-batch of
m samples, the per-sample gradients are written as the column-wise Khatri-Rao product of input and pre-activation
4
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>

derivatives, i.e. J = (I ∗ G) . Therefore the compact form of the Gram Jacobian is:
>

>

J = (I ∗ G) ⇒ J J > = (I ∗ G) (I ∗ G) = I > I
C1

G>G

(5)

C2

From Equation 5, the Gram Jacobian is written as the Hadamard product of two smaller m × m matrices, i.e. covariance
factors. The input covariance C1 and the pre-activation covariance C2 are efficiently computed during the forward and
backward pass of the neural network using a matrix-matrix multiplication. The Jacobian does not need to be explicitly
formed to compute these factors, reducing the overall computation complexity. Also, these factors are smaller and have
low storage costs compared to Kronecker-factors, which have a size of di × di and do × do .
The cost of storing the Jacobian for the NGD update in steps (B) and (C) of Equation 4 is considerable because its
storage cost is m times the number of parameters. With a reuse method, TENGraD instead recomputes the Jacobian
when needed, with a negligible computation cost and by storing small data structures. TENGraD breaks down the
computation of Jacobian vector products in steps (B) and (C) into two operations involving input and pre-activation
derivative matrices I and G. In step (B) in Equation 4 the vectorized form of the gradient for the layer parameters, i.e.
v = vec(g(k)), is propagated. The objective is to compute J vec(g(k)) without explicitly forming the Jacobian. With
>
J = (I ∗ G) and using the properties of column-wise Khatri-Rao product:


>
J vec(g(k)) = (I ∗ G) vec(g(k)) = g(k)> I
G 1,
(6)
where 1 is a vector of all ones with appropriate dimension. The Jacobian vector product can be computed with two
efficient matrix operations without forming the Jacobian. First, v1 is computed with v1 = g(k)> I, followed by a
Hadamard product with the pre-activation derivative matrix, i.e. v2 = v1 G, and a column-wise summation on v2 . In
(C) in (4), the objective is to compute J > v with v ∈ Rm obtained from step (A). Using the column-wise Khatri-Rao
structure of J :

J > v = (I ∗ G) v = I v1> G > .
(7)
Similarly, J > v is computed using the two step process in Equation 7. By storing I and G, TENGraD can efficiently
compute the required operations in the NGD update.
Storage and Computation Complexity. Table 1 shows the computation and storage complexity of TENGraD vs
other NGD methods. Curvature shows the cost of computing and inverting Kronecker-factors for KFAC, EKFAC, and
KBFGS, and Gram Jacobian for TENGraD. The computation complexity of covariance factors is O(m2 (di + do )),
while Kronecker factors in KFAC have a complexity of O(md2i + md2o ). Inverting the factors in TENGraD is O(m3 )
while that of KFAC is O(d3i + d3o ). Thus, when the batch size is smaller than layer dimensions TENGraD’s computation
complexity is better than others. TENGraD reduces storage complexity with reuse from O(mdi do ) to O(m(di + do )),
see the Extra Storage column. Extra Pass refers to the cost of a second backpropagation and Step is the computation
cost of parameter updates after computing the curvature.
Table 1: Computation and storage complexity of NGD methods.
Algorithm
Curvature
Extra Pass
Step
Extra Storage
TENGraD O(m2 di + m2 do + m3 ) O(mdi do ) O(mdi do + mdo + m2 ) O(mdi + mdo + m2 )
KFAC
O(md2i + md2o + d3i + d3o ) O(mdi do )
O(d2i do + d2o di )
O(d2i + d2o )
2
2
3
3
2
2
EKFAC O(mdi + mdo + di + do ) O(mdi do ) O(mdo di + mdo di ) O(mdi do + d2i + d2o )
KBFGS
O(md2i + mdo + d2o ) O(mdi do )
O(d2i do + d2o di )
O(d2i + d2o )
3.2

Extension to Convolution Layers

We extend TENGraD to support convolutional layers, general form provided in the Appendix. Convolutional layers
operate on high-dimension tensors. For a general tensor A ∈ RN1 ×...×Np with dimension p, the components of a tensor
can be represented with Ai1 ,...,ip where index iα is associated with dimension α. We consider a convolutional layer with
the input tensor I ∈ Rcin ×win ×hin and convolutional filters W ∈ Rcin ×d×d×cout . For the weight tensor W the spatial
support of each kernel filter is d × d. There are cin input channels and cout feature maps. Let O ∈ Rcout ×wout ×hout be
the output of the convolutional layer, where wout = bwin + 2pd − dc/s + 1 and hout = bhin + 2pd − dc/s + 1. Also,
pd and s are the padding and stride parameters, respectively.
To extend covariance factorization for J J > in a convolutional layer, we first derive a closed form equation for the
Jacobian and show that the convolution operation can be written as a matrix multiplication for a single sample. From
Figure 3, I can be reshaped to a matrix I with dimensions (wout × hout ) × (cin × d × d), each row is a unfolded
sub-tensor in I that has the same size of a group of cin filters. Each cin filter is also unfolded into a 1-D vector with
5
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Figure 3: Convolution shown as matrix-matrix product of unfolded input and weights.
size (cin × d × d) × 1. The weight tensor W is reshaped to a matrix W with size (cin × d × d) × cout (see Figure 3).
Hence, convolution can be written as O = I · W , where the shape of O is (wout × hout ) × (cout ). Matrix O is
reshaped to the output tensor O ∈ Rcout ×wout ×hout by folding each column into a wout × hout feature map. Applying
a similar unfolding to the pre-activation derivatives tensor G ∈ Rcout ×wout ×hout results in the matrix G with a shape of
(wout × hout ) × (cout ).
The compact form of the Jacobian for a batch of m samples, with O = I · W , is:
>
J = [vec(g1 ), ..., vec(gm ), ] = [vec(I1> · G1 ), ..., vec(Im
· Gm )]>

(8)

where Ii and Gi are the unfolded input and output for sample i. We derive a closed form for an arbitrary element (i, j)
in the Gram Jacobian matrix and then extend to the whole batch size. Using Equation 8 each element in the Gram
Jacobian is written as:
[J J > ]i,j = hvec(Ii> · Gi ), vec(Ij> · Gj )i = 1> Ii Ij> · Gi G>
j 1

(9)

Hence, each element (i, j) in Gram Jacobian is obtained via a reduction on covariance matrices Ii Ij> ∈
(wout ×hout )×(wout ×hout )
. The covariance matrices are defined over the
R(wout ×hout )×(wout ×hout ) and Gi G>
j ∈ R
spatial support S = wout × hout .
With tensor notations, we expand the dimensions of covariance factors. Since element (i, j) in Gram Jacobian is
represented with two covariance matrices, the m × m Gram Jacobian is m2 covariance matrices. The covariance tensors
C1 ∈ Rm×m×S×S and C2 ∈ Rm×m×S×S are defined as:
[C1 ]i,j,∗,∗ = Ii Ij> ,

[C2 ]i,j,∗,∗ = Gi G>
j

Where [C1 ]i,j,∗,∗ denotes the sub-tensor at (i, j). As a result the Gram Jacobian is written as:
XX
JJ> =
[C1 C2 ]∗,∗,s,s0

(10)

(11)

s∈S s0 ∈S

Corollary 1 For a standard convolutional layer with spatial support S = wout × hout , overall filter support F =
cin × d × d and batch size m, TENGraD reduces the computational complexity of the Gram Jacobian computation
from O(m2 F cout + mF Scout ) to O(m2 S 2 (F + cout )).
For TENGraD’s reuse for step (B), the gradient tensor of the convolution layer, i.e. g(k) ∈ Rcin ×d×d×cout is reshaped
to ĝ(k) ∈ R(cin ×d×d)×cout to compute J v = J vec(ĝ(k)). Using Equation 9, this
 can be written as a two step process
without explicitly forming the Jacobian matrix: [J v]i = 1> Gi · ĝ(k)> Ii 1. Similarly, for step (C), J > v for
Pm
v ∈ Rm is computed with J > v = i=1 Ii> (Gi · vi ). For better storage, instead of I we store the input tensor I.

4

Linear Convergence in TENGraD

We provide convergence guarantees for TENGraD with exact gradients (i.e. full batch case with m = n). We focus
on the single output but a general case with multiple outputs will be similar. As shown TENGraD, converges linearly
at a rate independent from the condition number of the input data matrix X > X, unlike the convergence rate provided
for KFAC at [9]. Consequently, for sufficiently ill-conditioned data, our convergence guarantees will improve upon
those currently available for KFAC.
6
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Lets us introduce the output vector u(W ) = [u1 (W ), ..., un (W )]> where ui (W ) = fL (W ; xi ) and y = [y1 , ..., yn ]> .
We consider the squared error loss L on a given dataset {xi , yi }ni=1 with xi ∈ Rd and yi ∈ R, i.e. the objective is to
minimize minW ∈Rp L(W ) = 12 k u(W ) − yk2 . The update rule (4) of TENGraD with exact gradient becomes

−1
W (k + 1) = W (k) − η F̂ (W (k)) + αI
J (k)> ( u(W (k)) − y),
(12)
where F̂ (W (k)) := Jˆ(k)> Jˆ(k) is the Fisher-block matrix and the block Jacobian is defined as Jˆ(k) =
(W (k))
>
Diagl∈[L] (Jl (k)) for Jl (k) := ( ∂f
∂vec(Wl ) ) and f (W ) = [fL (W ; x1 ), .., fL (W ; xn )] . It can be seen directly
from the TENGraD update rule (4) that if the Gram matrix Gl (k) := Jl (k)Jl (k)> stays positive definite and bounded
for each layer l and iteration k, then by the standard theory of preconditioned gradient descent methods [22], it will
converge globally for sufficiently small stepsizes. In the following, we introduce two assumptions; the first one ensures
that at the initialization Gram matrix is positive-definite and the second assumption is a stability condition on the
Jacobian requiring that it does not vary too rapidly. These assumptions will allow us to control the convergence rate.
Assumption 1 The data X is normalized, |yi | = O(1), and for any i 6= j, xi and xj are independent. Lastly, the
Gram matrix for individual layers are positive definite at initialization, i.e. minl∈[L] λmin (Gl (0)) = λ0 > 0.
Lee et al. [23] shows that if the input data are i.i.d. samples, then Assumption 1 can often be satisfied.
Assumption 2 There exists 0 < C ≤
−1
2

1
2

1

that satisfies kJ (W (k)) − J (W (0))k2 ≤

C 2
3 λ0

if kW (k) − W (0)k2 ≤

3λ0 ky − u(0)k2 .
Notice that Assumption 2 requires that the network behaves like a linearized network for small values of constant C
[23]. As a result of Assumptions 1-2, the Fisher block matrix remains close to the initialization over iterations and
therefore the Gram matrices of layers stay positive-definite during training which is parallel to the setting of [9, 24, 25].
In practice, we could also keep Gram matrices well-conditioned during training by tuning the damping parameter.
Next, we present our convergence result in Theorem 1. Our analysis follows the techniques of [9] and adapts them
for TENGraD. Notice that TENGraD differs from NGD and KFAC in terms of the matrix it uses to approximate FIM;
therefore results of [9] do not directly apply to our setting. As a proof technique, we first utilize the Assumptions 1 and
2 to derive a lower bound on the smallest eigenvalue λ0 of the Fisher-block matrix F̂ showing that it is positive, and
building on this result we derive the rate in the following result. The proof can be found in the Appendix.
Theorem 1 Suppose Assumptions 1, 2 hold. Consider the update rule
(12) for a network with L layers, damp√
Lγ
2Lγ−1−2C
4λ0
√
ing parameter 0 < α ≤ 9n , and learning rate η ∈ (0, (L+C Lγ)2 ) where γ = λ +λ09 nα . Then, we have
0

4

k u(k) − yk22 ≤ (1 − η)k k u(0) − yk22 .
Theorem 1 states that TENGraD converges to the global optimum with a linear rate under Assumptions 1 and 2.
Therefore, TENGraD requires only O(log(1/)) iterations to achieve  accuracy. Moreover, our result shows that a
smaller learning rate is needed for a deeper network to guarantee linear convergence. This behavior is different than
that of exact NGD because the rate of exact NGD provided in [9] does not depend on the network size but rather on
the parameter C. We also observe from Theorem 1 that smaller damping parameter improves the upper bound on
the learning rate which suggests faster convergence for TENGraD. This makes the analysis of λ0 important for the
performance of TENGraD since Gram matrix can potentially be ill-conditioned. The work [9] uses matrix concentration
inequalities and harmonic analysis techniques to bound the minimum eigenvalue of the Gram matrix of the L-layer
ReLU network which does not provide a tight bound for the Gram matrix of each layer. The authors of [25] have
obtained tighter bounds in the NTK setting, and their result can be used to derive lower bound on λ0 of Jˆl Jˆl (k)> . Due
to limited space, we present the details on the explicit bound on λ0 at Appendix.
We can show that under some mild conditions on the distribution of input data X, if the weights of layer l are drawn
Ql−2
from N (0, βl2 ), and the conditions dl = Ω̃ (N ) and j=1 log(dj ) = o(minj∈[0,l−1] dj ) are satisfied, then the smallest
QL
eigenvalue of Gram matrix Jˆl (k)Jˆl (k)> satisfies λmin (Jˆl (k)Jˆl (k)> ) ≥ Cβ Ω( l=1 dl ) for all k > 0 with some
probability where the coefficient Cβ depends on the variances βl2 (see Appendix). This implies that we can choose a
smaller damping parameter α to get a faster rate according to Theorem 1 which, in turn, improves the performance of
TENGraD. Otherwise, α needs to be larger to guarantee the inversion at (12).

5

Experimental Results

We test TENGraD, KFAC, EKFAC, KBFGS, and SGD with momentum on three image classification benchmarks
namely Fashion-MNIST [26], CIFAR-10[27] and CIFAR-100) [27]. For Fashion-MNIST a network with its
7
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convolution layers and one fully connected layer is used, hence called 3C1F. For other benchmarks, the following DNN
architectures are used DenseNet [28], WideResNet [29] and MobileNetV2 [30]. In all experiments, 50K samples
are chosen for training and 10K for test. Experiments are conducted on AWS P3.2xlarge machines with one Volta V100
GPU and 16GB RAM. Each experiment is repeated 5 times and the average is reported. In our theoretical analysis,
we assumed deterministic gradients but in the experiments we use stochastic gradients estimated with mini-batch size
m = 128. The Appendix provides additional setup information.

(a) Fashion-MNIST

(b) CIFAR-10

(c) CIFAR-100

Figure 4: Comparing train accuracy between optimization methods for a) Fashion-MNIST on 3C1F network. b)
CIFAR-10 on Wide-ResNet network c) CIFAR-100 on Wide-ResNet Network.
From the training loss plots in Figure 4, TENGraD clearly outperforms all other approximate NGD methods in timing
and train accuracy. Moreover, TENGraD performs better than SGD in both time and accuracy on Fashion-MNIST
dataset, as shown in Figure 4a, and it has a competitive timing compared to SGD on both CIFAR-10 and CIFAR-100
as shown in Figure 4b and Figure 4c. The test accuracy reported in Figure 5 shows that TENGraD also generalizes
well and achieves state-of-the-art accuracy on all benchmarks, and especially outperforms KBFGS with a margin of
1.6% . Moreover, TENGraD clearly outperforms SGD in both time and test accuracy on Fashion-MNIST, as shown in
Figure 5a, with competitive results on CIFAR-10 and CIFAR-100.

(a) Fashion-MNIST

(b) CIFAR-10

(c) CIFAR-100

Figure 5: Comparing test accuracy between optimization methods for a) Fashion-MNIST on 3C1F network. b)
CIFAR-10 on Wide-ResNet network c) CIFAR-100 on Wide-ResNet Network.
To further demonstrate the performance of TENGraD, we conduct extensive experiments on state-of-the-art DNNs
and report the time and test accuracy for the 7 configurations in Table 2. Our results show that TENGraD outperforms
KFAC, EKFAC, and KBFGS in overall time in 7 out of 7 (7/7) experiments. Moreover, TENGraD achieves a better
accuracy, with a margin between 0.4%-1.41%, in 6/7 experiments compared to KBFGS which is the fastest method
among approximate Kronecker-factored NGD methods. Also, compared to SGD, TENGraD achieves a better timing
for 3/7 experiments and a better test accuracy in 5/7. In particular, TENGraD shows a 20% improvement over SGD
in time for the Fashion-MNIST dataset and a better timing for CIFAR-10 on Wide-ResNet and DenseNet.
To compare the quality of Fisher matrix approximation, we compare the block-diagonal approximation in TENGraD and
KFAC with exact NGD. From Figure 6, TENGraD provides a similar approximation to the exact NGD by preserving
the structure of the Fisher matrix. However, KFAC’s approximation hardly captures the structure. Similar results for
other layers are observed (see Appendix).
8
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Table 2: Top test accuracy and time for state-of-the-art models and different natural gradient methods.
Time(s) [Accuracy%]
Models
Dataset
SGD
TENGraD
KFAC
EKFAC
KBFGS
3C1F
F-MNIST 52 [92.60]
43 [93.15]
188 [92.2] 275 [92.01] 113 [92.12]
CIFAR-10 1128 [94.01] 1108 [94.10] 2454 [94.50] 2936 [94.10] 1132 [92.70]
WideResNet
CIFAR-100 1004 [75.79] 1124 [75.20] 2419 [75.60] 2766 [76.07] 1151 [74.35]
CIFAR-10 2278 [93.52] 2077 [93.40] 4292 [93.31] 4820 [93.11] 2412 [93.41]
DenseNet
CIFAR-100 1909 [72.10] 2002 [73.90] 3542 [74.50] 3788 [74.29] 2292 [73.50]
CIFAR-10 1350 [92.70] 1841 [92.71] 3221 [92.63] 4304 [92.83] 1728 [91.30]
MobileNetV2
CIFAR-100 1370 [72.78] 1406 [72.81] 3152 [72.82] 4687 [72.97] 1695 [72.01]

To demonstrate the robustness, we examine the train accuracy under various hyperparemeter (HP) settings and show
TENGraD is stable under a wide range for the HPs (see Appendix).

(a) Exact NGD

(b) TENGraD

(c) KFAC

Figure 6: Structure of block inverses for the second convolution layer in 3C1F with Fashion-MNIST.

6

Conclusion

We propose a Time-Efficient NGD method, called TENGraD, that improves the overall time of second order methods
with computationally efficient factorization and reuse methods and prove linear convergence rates under certain
assumptions. Extension to convolutional and general layers is provided. Results indicate that TENGraD outperforms
or perform comparably to the state-of-the-art NGD methods as well as SGD. Our work does not have a direct negative
impact as it is mostly theoretical.
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Appendix
Outline

The general form of the covariance factorization discussed in Section 3.2 is provided in Section A.2. The convergence
proof of Theorem 1 discussed in Section 4 is provided in Section A.3.1. The bounds for minimum eigenvalue λ0
discussed in Section 4 is provided in A.3.2. We provide the setup information in Section A.4.1. The plots that compare
the quality of approximation of Fisher inverse blocks are provide in Section A.4.2. We provide the sensitivity to
hyperparameters figures in Section A.4.3. For the error bars refer to Section A.5.
A.2

General From of Covariance Factorization

In this section, we extend the results obtained in Section 3 and show that the covariance factorization and reuse method
can be applied to an arbitrary layer. An arbitrary layer can operate on its input tensor in many ways depending on its
underlying linear transformations. Typically these transformations operate differently on each tensor dimension. For
example, a transformation such as convolution applies a specific filtering on spatial dimensions. Therefore, we need to
distinguish between these dimensions depending on the operations performed on them. In the following, we categorize
these dimensions into free, independent, and common dimensions.
Tensor Dimensions. A common dimension is the dimension of the unfolded input that is shared amongst input and
output tensors, i.e. spatial dimensions. An independent dimension is the dimension of the unfolded input that is shared
amongst input and the parameters, i.e. input channel cin and filter dimensions k. A free dimension is the dimension of
the parameters that is shared amongst output and the parameters, i.e. output channel cout .
Now, we show that the Jacobian matrix J can be formed as a linear transformation amongst two tensors namely input
and pre-activation derivatives which later is used to compute the Gram Jacobian J J > .
Lemma 1 Consider a layer with parameters θv,i1 ,...,ik that applies a linear transformation on input tensor Im,j1 ,..,jl
where v and m are the indices of free dimension and batch samples. Suppose that the output for a sample can be
computed without requiring other samples, i.e. there is no dependency amongst samples in a batch. The pre-activation
derivatives are given by tensor Gm,v,t1 ,...,tp . We refer to set {t1 , ..., tp } as common dimensions or MC and {i1 , ..., ik }
as independent dimensions or MI . Then the Jacobian tensor can be written as:
X
Jm,v,MI =
Gm,v,MC Îm,MC ,MI
(13)
MC

where tensor Iˆ is obtained by unfolding the input tensor I:
X
Îm,MC ,MI =
Im,j1 ,...,jl

(14)

jα ∈Ω

where Ω depends on the underlying linear transformation.
Proof of Lemma 1. Assume the arbitrary linear transformation as follow:
X

Om,v,t1 ,...,tp =

Im,j1 ,...,jp θv,i1 ,...,ik

(15)

jα ∈Ω,iβ ∈Γ

Where Ω and Γ define the underlying linear transformation such as the input and filter spatial dimensions in the
convolutional layer. Now, we can rewrite Equation 15 by unfolding the input tensor. To do so, for each index iβ ∈ Γ we
can unfold the input tensor using the following:
Îm,t1 ,...tp ,i1 ,...,ik =

X

Im,j1 ,...,jl

(16)

jα ∈Ω

The above equation unfolds the input along all the dimensions in the shared dimensions with the output tensor, i.e. MC ,
and for all the dimensions in the parameter tensor. As a result, the output can be written as the following:
Om,v,MC =

X

Îm,MC ,MI θv,MI

MI

12

(17)
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Using this result and the fact that the pre-activation derivatives tensor G has the same dimension as output tensor O, we
can obtain the Jacobian tensor J as stated in the Equation 13.
Lemma 1 shows that the Jacobian tensor J can be achieved with a linear transformation between the unfolded input
tensor Î and the pre-activation derivative tensor G. Now, using this result we can extend the covariance factorization in
TENGraD to an arbitrary layer.
Theorem 2 For a linear layer with input tensor I and pre-activation derivatives G defined in Lemma 1, the Gram
matrix J J > is obtained by:
XX
JJ> =
C1 C2
0
MC MC

where C1 and C2 are the covariance tensors of unfolded input and pre-activation derivatives defined as:
X
[C1 ]m,m0 ,MC ,MC0 =
Îm,MC ,MI Îm0 ,MC0 ,MI
MI

[C2 ]m,m0 ,Mc ,MC0 =

X

Gm,v,MC Gm0 ,v,MC0

v

Proof of Theorem 2. Using Lemma 1 we can write the Gram Jacobian matrix by expanding the common dimensions
as follows:
JJ> =

XX
v

=

XXXX
0
MC MC

=

Jm,v,MI Jm0 ,v,MI

MI

XX

v

C1

Gm,v,MC Gm0 ,v,MC0 Îm,MC ,MI Îm0 ,MC0 ,MI

MI

C2

0
MC MC

As a result, the Gram Jacobian J J > for any layer can be obtained by a reduction on the Hadamard product of two small
covariance tensors. In the following Corollary we state the conditions such that Theorem 2 improves the performance in
practice by reducing the computation complexity.
Corollary
2 SupposeQ
we show the size of common dimensions, independent dimensions and free dimensions by NC =
Q
mI ∈MI mI and Nv . Then Theorem 2 reduces the complexity of Gram matrix computation from
mC ∈MC mc , NI =
2
O(m NI Nv + mNI Nv NC ) to O(m2 NC 2 (NI + Nv )).
Remark 1 Theorem 2 applies to a wide range of layers in deep neural networks such as fully connected, convolution,
and group convolution. It can also be applied to layers with nonlinear transformation as long as the non-linearity only
applies to the input data such as layer normalization.
A.3
A.3.1

Proofs of Section 4
Convergence Analysis of TENGraD
1

In this section, we provide the proof for Theorem 1. If Assumption 2 holds, we have Jˆ(θ) − Jˆ(0) ≤ C3 λ02 . This
2
result can help bound the minimum eigenvalue of the Gram Jacobian at each iteration, stated in the following Lemma.
−1

Lemma 2 If ||θ(k) − θ(0)||2 ≤ 3λ02 || y − u(0)||2 , then we have λmin (Ĝ(k)) ≥ 49 λ0 .
Proof of Lemma 2. Based on the inequality σmin (A + B) ≥ σmin (A) − σmax (B) and based on the fact that
1
Jˆ(θ) − Jˆ(0) ≤ C λ 2 , we have:
2

3

0

σmin (Jˆ(k)) ≥ σmin (Jˆ(0)) − ||Jˆ(k) − Jˆ(0)||2
1
1 1
2 1
4
≥ λ02 − λ02 = λ02 ⇒ λmin (Ĝ(k)) ≥ λ0
3
3
9
13
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We can now prove the linear convergence rate in Theorem 1.
Proof of Theorem 1. We prove Theorem 1 by induction. Assume || u(k) − y||22 ≤ (1 − η)k || u(0) − y||22 . We can see
that J > (k) = Jˆ> (k)T with T ∈ RLn×n and T = [In , . . . , In ]> where In is the identity matrix of dimension n.

−1
η
F̂ (k) + αI
J (k)> (u(k) − y)) − u(θ(k))
u(k + 1) − u(k) = u(θ(k) −
n
Z 1 D
−1
E
∂u(θ(s)) η 
=−
,
F̂ (k) + αI
J (k)> (u(k) − y)) ds
>
∂θ
n
s=0
Z 1 D
−1
E
∂u(θ(k)) η 
,
F̂ (k) + αI
=−
J (k)> (u(k) − y)) ds
>
∂θ
n
{z
}
| s=0
1
Z 1 D
−1
E
∂u(θ(k)) ∂u(θ(s)) η 
F̂ (k) + αI
+
−
,
J (k)> (u(k) − y)) ds
>
>
∂θ
∂θ
n
{z
}
| s=0
2

where θ(s) = θ(k) −

sη
n



F̂ (k) + αI

−1

J (k)> (u(k) − y)). Now, we bound each term separately:


−1
η
1 = − J (k) F̂ (k) + αI
J (k)> (u(k) − y))
n
Z 1

−1
η
J (θ(s)) − J (θ(k))ds
F̂ (k) + αI
J (k)> (u(k) − y))
|| 2 ||2 ≤
n s=0
2

−1
(i) η2C 1
1 ˆ> ˆ
≤
λ2
J J + αI
Jˆ> T (u(k) − y))
3n 0
n

(18)

2

2

1

(ii)

η2C 12 λmin (Ĝ(k)) 2
≤
λ
kT (u(k) − y))k2
3 0 λmin (Ĝ(k)) + nα
√
(iii) ηCλ
0 L
≤
k(u(k) − y))k2
λ0 + 94 nα

We use Assumption 2 for the second inequality (i) which implies:

Z

1

J (θ(s)) − J (θ(k))ds
s=0

≤ kJ (θ(k)) − J (θ(0))k2 + kJ (θ(k + 1)) − J (θ(0))k2
2

≤

2C 12
λ .
3 0
14

(19)
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The
√ inequality (ii) follows from Lemma 2 and in the last inequality (iii) we have used the fact that kT (u(k) − y))k2 =
L k(u(k) − y))k2 . Finally, we are ready to prove the convergence:
>

||u(k + 1) − y||22 ≤ ||u(k) − y||22 − 2 (y − u(k)) (u(k + 1) − u(k)) + ||u(k + 1) − u(k)||22

−1
2η
>
(y − u(k)) J (k) F̂ (k) + αI
≤ ||u(k) − y||22 −
J (k)> (y − u(k))
n |
{z
}
A
√

2ηCλ0 L
2
k(u(k) − y))k2 + ||u(k + 1) − u(k)||22
|
{z
}
λ0 + 94 nα
B
√
2ηLλ0
2ηCλ0 L
2
2
2
≤ ||u(k) − y||2 −
||u(k) − y||2 +
k(u(k) − y))k2
λ0 + 94 nα
λ0 + 94 nα
√ !2
Cλ
L
0
2
+ η2 L +
k(u(k) − y))k2
λ0 + 94 nα
+

2

≤ (1 − η) k(u(k) − y))k2 ,

√

Lγ
√
where in the last inequality we use the assumption that η < 2Lγ−1−2C
where γ = λ +λ09 nα . Part A follows from
(L+C Lγ)2
0
4
Lemma 2:
λmin Ĝ(k)
nLλ0
A ≤ nLku(k) − yk22
ku(k) − yk22 ,
≤
λ0 + 94 nα
λmin Ĝ(k) + nα

Part B , on the other hand, is implied by Equation (18) and Inequality (19).
A.3.2

Bounding λ0

The results [25] are not directly applicable to our setting as we work with block-diagonal matrices. In the following, we
introduce the assumptions previously made in [25] and adapt their proofs to our setting with some modifications for
providing a bound on the smallest eigenvalue of the Gram matrix.
√
Assumption 3 (Scaling) The distribution of the data PX satisfies the conditions: EPX [kxk2 ] = Θ( d), EPX [kxk22 ] =
Θ(d), and EPX [kx − EPX [x]k22 ] = Ω(d).
Assumption 4 (Lipschitz Concentration) For every Lipschitz continuous function f with Libschitz constant kf kLip ,
the random variable f (x) is Sub-Gaussian.nThat is there
o exists an absolute constant c > 0 such that for all t > 0, we
2

have P{|f (x) − EPX [f (x)]| > t} ≤ 2 exp − kfctk2

.

Lip

Assumption 4 is satisfied for the family of distributions satisfying log Sobolev inequality with a dimension independent
constant [25]. Under these assumptions on PX , the authors of [25] have provided tight bounds on the smallest and
PL
largest eigenvalues of empirical Neural Tangent Kernel K̄ (L) := l=1 Jl (k)Jl (k)> by studying the spectrum of
Jl (k)Jl (k)> for each layer l. Therefore, their result translates to the spectrum of Jˆ(k)Jˆ(k)> which is given by
eigenvalues of Jl (k)Jl (k)> . We present the lower bound on λ0 suggested by [25, Theorem 4.1] at Lemma 3 below and
provide its derivation for the sake of completeness.
Lemma 3 Consider a L-layer ReLU network with single output. Let weights of the network at each layer l ∈ [L] be
Wl ∈ Rdl−1 ×dl and initialized as (Wl )ij ∼ N (0, βl2 ) for l ∈ [L]. Assume that data points {xi , yi } are i.i.d. and drawn
from a distribution PX which satisfies the Assumptions 3 and 4. Fix any δ > 0, and any even integer r ≥ 2. Let µr (σ)
be r-th Hermite coefficient of ReLU activation function σ given as
r−2 (r − 3)
1
µr (σ) = √ (−1) 2 √
.
2π
r!
Suppose the number of neurons at each layer l ∈ [L − 1] satisfies the conditions


l−2
Y
N
dl = Ω N log(N ) log( ) &
log(dj ) = o( min dj ),
δ
j∈[0,l−1]
j=1
15
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then the following inequality holds for all k ≥ 0


L−1

Y
λmin (Jˆ(k)Jˆ(k)> ) ≥ min µr (σ)2 Ω d
dj
l∈[L] 
j=1

L
Y


βj2  , λmin (XX > )Ω

j=1,j6=l

L−1
Y

dl

l=1

L
Y

βl2
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!


l=2

,



with probability at least


1 − δ − N exp −Ω
2



minl0 ∈[0,l−1] nl
N 2/(r−0.1)

Ql−2

l0 =1

−N

log(dl0 )

l−1
X

exp(−Ω(dl0 )) − N exp(−Ω(d)).

l0 =1

Proof of Lemma 3 In our analysis, we consider a L-layer ReLU network whose weights and biases are given by
matrices Wl ∈ Rdl−1 ×dl and each feature map fl : Rd → Rdl is defined as

if l = 0
x,
fl (x) = σ(Wl> fl−1 ), if l ∈ [L − 1]
 >
WL fL−1 .
if l = L
where the Fisher-block matrix is written as F̂ (W (k)) = Jˆ(k)Jˆ(k)> with


J1 (k)
0
...
0
J2 (k) . . .
0 
 0
Jˆ(k) = 
.. 
..
 ...
.
. 
0
...
0 JL (k)
(W (k))
and each Jl (k) is the Jacobian of the network w.r.t the parameters in the layer l, i.e. Jl (k) = ∂f
∂vec(Wl ) . The result
follows from [25, Theorem 4.1], but for completeness
we provide
it here. Let Ol,j (x) be the pre-activation neuron, σ(.)


l
be the ReLU function, and Σl (x) = Diag σ 0 (Ol,j (x))|dj=1
∈ Rdl ×dl . We can write the following equation for each
of the layer l:


>
∂FL
∂FL
>
= fl−1 fl−1
◦ Bl Bl>
∂vec(Wl )
∂vec(Wl )

l (W ;xn ) >
l (W ;x1 )
, ...., ∂f∂vec(W
] and Bl ∈ RN ×N is a matrix whose i-th row is given as
where fl = [ ∂f∂vec(W
l)
l)
Q


l−1

0 Σl0 (xi )
Σ
(x
)
W
WL , l ∈ [0, L − 2]
0
l
i
l

l =l+1
[Bl ]i: = ΣL−1 (xi )WL ,
l =L−1

 √1
1
,
l=L
N N

The result relies on the inequality
>
>
λmin (Fl−1 Fl−1
◦ Bl Bl> ) ≥ λmin (Fl−1 Fl−1
)

min

i∈{1,..,N }

k[Bl ]i: k22 .

The Lemma 4.3 given at [25] yields that for any layer l ∈ [1, ..., L − 2] and x ∼ PX the following holds
! 2
!
L−1
L−1
Y
Y
2
2
Σl+1 (x)
Wl0 Σl0 (x)WL
= Θ βL dl+1
dl 0 β l 0
l0 =l+2

l0 =l+2

2

QL−1
w.p. at least 1 − l=1 exp{−Ω(dl )} − exp(−Ω(d)) assuming that the product term l0 =0 +2 (.) is inactive for
l = L − 2. The Theorem 5.1 at [25] provides the lower bound on λmin (Fl Fl> ) which depends on µr (σ) in addition to
problem parameters d, d1 , ..., dl . If we fix l ∈ {1, .., L − 1} and any integer r > 0, then for δ > 0 and the dl satisfying

Ql−2
dl = Ω N log(N ) log( Nδ ) and l0 =1 log(dl0 ) = o(minl0 ∈[0,l−1] dl0 ), the smallest singular value of Fl satisfies the
inequality
!
l
Y
2
2
σmin (Fl ) ≥ µr (σ) Ω d
dl0 βl0
PL−1

l0 =1

w.p. at least
2



1 − δ − N exp −Ω





minl0 ∈[0,l−1] nl0
N 2/(r−0.1)

Ql−2

l0 =1

log(dl0 )
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l−1
X
l0 =1

exp(−Ω(dl0 )) − N exp(−Ω(d)).

TENGraD: Time-Efficient Natural Gradient Descent with Exact Fisher-block Inversion

A.4

A P REPRINT

Experiments

This section provides additional details on experiments and extra results. First, we provide details of the DNN
architectures used in the experiments and then the training process and finally, we show additional results.
A.4.1

Experimental Setup

DNN Architectures For the Fashion-MNIST benchmark, we use a model with three convolutional layers and one fully
connected layer. The first convolutional layer has one input channel and 128 output channels. The second and third
layers have 128 in both input and output channels. The padding and stride are set to 1 and the kernel size is 3. The
fully connected layer has an input of 92 × 128 and output of size 500. All the layers are followed by ReLU activation
functions. Finally, there is a fully connected layer with 10 outputs and no activation. For CIFAR-10 and CIFAR-100
we use the DenseNet [28], WideResNet [29] and MobileNetV2 [30] architectures. For WideResNet model, we use
depth=28 and a widen factor of 4. For DenseNet we set depth to 19 and choose a growth rate of 100. For MobileNetV2
we use the default model.
Training Process In all of the experiments, we use a batch size of 128 samples which is widely used in practice. We
also apply momentum to all optimization methods since, from observation, it improves the training time and accuracy
for all methods. To avoid over-fitting, we apply a standard weight decay where the weight decay parameter is tuned.
For Fashion-MNIST we set the number of epochs to 10 and for CIFAR-10 and CIFAR-100, we use 60 epochs. For
NGD methods we use a frequency of inversion of 100 to amortize the cost of updates. For EKFAC we set the scaling
frequency to 20.
Learning rate strategy. For Fashion-MNIST we fix the learning rate during training. For CIFAR-10, a decaying
learning rate strategy is used to achieve state-of-the-art accuracy which is a typical in practice. We decay the learning
rate by half after every 10 epochs. For CIFAR-100, we decay the learning rate by 0.1 after epochs 30 and 45.
Tuning parameters. We tune the parameter learning rate, weight decay, and dampening and use a grid
search. The range of learning rate is {0.001, 0.003, 0.01, 0.03, 0.1, 0.3}. The range for the weight decay is
{0.001, 0.003, 0.01, 0.3, 0.1, 0.3}. The range of damping parameter is {0.001, 0.003, 0.01, 0.03, 0.1, 0.2, 0.3}. The
momentum is set to 0.9. Table 4, Table 5 and Table 3 provide the tuned values for the parameters of each experiment.
Table 3: Tuned parameters (learning rate, weight decay and damping) for the Fashion-MNIST experiments.
TENGraD
KFAC
EKFAC
KBFGS
SGD
3C1F 0.003, 0.001, 0.1 0.003, 0.001, 0.1 0.001, 0.003, 0.03 0.03, 0.01, 0.01 0.03, 0.001

Table 4: Tuned parameters (learning rate, weight decay and damping) for the CIFAR-10 experiments.
TENGraD
KFAC
EKFAC
KBFGS
SGD
WideResNet 0.03, 0.003, 0.1 0.03, 0.003, 0.03 0.01, 0.003, 0.03 0.03, 0.003, 0.03 0.01, 0.003
DenseNet
0.1, 0.003, 0.2 0.01, 0.003, 0.03 0.01, 0.003, 0.01 0.01, 0.003, 0.01 0.03, 0.003
MobileNetV2 0.01, 0.01, 0.2 0.01, 0.003, 0.1 0.01, 0.003, 0.1 0.01, 0.03, 0.03 0.01, 0.003

Table 5: Tuned parameters (learning rate, weight decay and damping) for the CIFAR-100 experiments.
TENGraD
KFAC
EKFAC
KBFGS
SGD
WideResNet 0.01, 0.03, 0.3 0.003, 0.01, 0.03 0.003, 0.01, 0.03 0.003, 0.01, 0.01 0.01, 0.003
DenseNet
0.1, 0.003, 0.1 0.01, 0.003, 0.03 0.01, 0.003, 0.03 0.01, 0.003, 0.03 0.01, 0.003
MobileNetV2 0.01, 0.01, 0.3 0.01, 0.003, 0.03 0.01, 0.003, 0.03 0.03, 0.01, 0.03 0.01, 0.003

A.4.2

Structure of Block Inverses

In order to compare the quality of FIM approximation, we compare the diagonal block approximations in TENGraD
and KFAC with the exact NGD method. The structure for the third convolution layer and the fully connected layer in
the 3C1F model are shown in Figure 7 and Figure 8. TENGraD keeps the block structure of the Fisher inverse similar
to that of exact NGD while KFAC has a different pattern due to its specific Kronecker structure. Moreover, KFAC still
approximates the block inverse with a diagonally dominant matrix in the third convolution layer.
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(a) Exact NGD

(b) TENGraD
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(c) KFAC

Figure 7: Structure of block inverses for the third convolution layer in 3C1F with Fashion-MNIST.

(a) Exact NGD

(b) TENGraD

(c) KFAC

Figure 8: Structure of block inverses for the fully connected layer in 3C1F with Fashion-MNIST.
A.4.3

Sensitivity to Hyperparameters

To demonstrate the robustness, we examine the train and test accuracy under various hyperparameter (HP) settings
and show TENGraD is stable under a wide range for the HPs. The train and test accuracy for the Fashion-MNIST
benchmark under different HP settings is shown in Figure 9 and Figure 10. Also, we observe that a larger damping
parameter allows for larger step sizes. TENGraD allows for a wide range of HP to be used with almost no loss of
accuracy on both train and test data.

Figure 9: The train accuracy for the Fashion-MNIST benchmark under various hyperparameter settings for the test
samples.
A.5

Error Bar Plots

The error bars for the Fashion-MNIST benchmark are shown in Figure 11. TENGraD outperforms both SGD and other
NGD methods in time and accuracy. The error bar plots for five different runs of the CIFAR-10 benchmark are shown
in Figure 12 and Figure 13. TENGraD outperforms other NGD methods in time and accuracy for both train and test. In
Figure 12b the train accuracy of KBFGS appears to be better than that of TENGraD but the corresponding test accuracy
in Figure 13b shows that TENGraD has a higher test accuracy and does not over-fit to data. The error bars of train and
test for the CIFAR-100 benchmark are shown in Figure 14 and Figure 15. TENGraD outperforms SGD in time and
18
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Figure 10: The test accuracy for Fashion-MNIST benchmark under various hyperparameter settings for the test samples.
accuracy in training the DenseNet model as shown in Figure 14a and achieves a better accuracy compared to all other
methods as shown in Figure 15a. TENGraD is also competitive with SGD on other benchmarks and outperforms other
NGD methods.

(a) Train

(b) Test

Figure 11: The error bars of train and test accuracy for Fashion-MNIST benchmark.

(a) WideResNet

(b) MobileNetV2

(c) DenseNet

Figure 12: The error bars of train accuracy for CIFAR-10 benchmark.
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(a) WideResNet

(b) MobileNetV2

(c) DenseNet

Figure 13: The error bars of test accuracy for CIFAR-10 benchmark.

(a) WideResNet

(b) MobileNetV2

(c) DenseNet

Figure 14: The error bars of train accuracy for CIFAR-100 benchmark.

(a) WideResNet

(b) MobileNetV2

(c) DenseNet

Figure 15: The error bars of test accuracy for CIFAR-100 benchmark.
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