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Abstract—The effective resistance between a pair of nodes in a
weighted undirected graph is defined as the potential difference
induced between them when a unit current is injected at the first
node and extracted at the second node, treating edge weights as
the conductance values of edges. The effective resistance is a key
quantity of interest in many applications and fields including
solving linear systems, Markov Chains and continuous-time
averaging networks. We develop an efficient linearly convergent
distributed algorithm for computing effective resistances and
demonstrate its performance through numerical studies. We also
apply our algorithm to the consensus problem where the aim is
to compute the average of node values in a distributed manner
based on weighted averaging with immediate neighbors. We
show that the distributed algorithm we developed for effective
resistances can be used to design a weight matrix which can
help pass the information among neighbors more effectively,
accelerating the convergence of the classical consensus iterations
considerably by a factor depending on the network structure.
We also present an application of our effective resistance-based
framework to accelerate distributed optimization algorithms
including the EXTRA and DPGA-W.

Index Terms—Effective resistance, graph, distributed optimiza-
tion, consensus, Laplacian matrix, Kaczmarz method

I. INTRODUCTION

Let G = (N, &, w) be an undirected, weighted and con-
nected graph defined by the set of nodes (agents) N =
{1,...,n}, the set of edges £ C N x N, and the edge weights
w;; > 0 for (4,7) € €. Since G is undirected, we assume that
both (4,7) and (j,4) refer to the same edge when it exists,
and for all (i,5) € &, we set wj; = w;;. Identifying the
weighted graph G as an electrical network in which each edge
(4,7) corresponds to a branch of conductance w;;, the effective
resistance I?;; between a pair of nodes 4 and j is defined as
the voltage potential difference induced between them when a
unit current is injected at ¢ and extracted at j.

The effective resistance, also known as the resistance dis-

tance, is a key quantity of interest to compute in many
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applications and algorithmic questions over graphs. It defines
a metric on graphs providing bounds on its conductance [2],
[3]]. Furthermore, it is closely associated with the hitting time
and commute time for a random walkﬂ on the graph G such
that the probability of a transition from i to j € N is
Wij/ Y e n, Wi Where N £ {j € N: w;; > 0} denotes
the set of neighboring nodes of i € A; therefore, it arises
naturally for studying random walks over graphs and their
mixing time properties [4]], [5], [6], continuous-time averaging
networks including consensus problems in distributed opti-
mization [4]. Other prominent applications include distributed
control and estimation [7]], solving symmetric diagonally dom-
inant (SDD) linear systems [8]], deriving complexity bounds
in the Asymmetric Traveling Salesman Problem [9]], design
and control of communication networks [10], [L1], spectral
sparsification of graphs [12] and collaborative recommenda-
tion systems [13]]. There exist centralized algorithms for com-
puting or approximating effective resistances accurately which
require global communication beyond local communication
among the neighboring agents [8], [[14]. They are based on
computing or approximating the entries of the pseudoinverse
LT of the Laplacian matrix £, based on the identity R;; =
,CL» + L}j - QEZTJ- [8]. However, such centralized algorithms
are impractical or infeasible for several key applications in
multi-agent systems where only local communications be-
tween the neighboring agents are allowed (see e.g. [I15]], [L6],
[17]); this motivates the development of distributed algorithms
for computing effective resistances which only relies on the
information exchange among immediate neighbors. In these
applications, communication among the agents is typically
the bottleneck rather than local computations by the agents;
and this requires careful development of distributed algorithms
that are efficient in terms of total number of communications
required. Prominent examples include, least square and more
general regression or estimation problems over graphs and
multi-agent networks [[18]], [19], [20], [21], [22], formation
control of moving agents with noisy measurements and stabil-
ity of multi-vehicle swarms [7], clustering and sparsification
of multi-agent networks [23], [8].

Our first attempt for computing effective resistances in a
decentralized way appeared in a short conference paper [1].

IThe hitting time is the expected number of steps of a random walk starting
from 7 until it first visits j. The commute time C;; is the expected number
of steps required to go from ¢ to j and from j to ¢ back again.
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Compared to the short conference version [1], in this longer
journal paper we provide some new important theoretical and
empirical results. First, we provide a theory to support our
empirical findings in [[1]. More precisely, we now show that
the iterate sequence generated by the normalized randomized
Kaczmarz proposed in [1] for computing effective resistances
in a distributed manner linearly converges with a rate at most
as large as the standard randomized Kaczmarz (RK), i.e.,
with a better rate (see Proposition [T). Moreover, we now
provide a theoretical analysis of the effective resistance-based
randomized gossiping for consensus which was missing in [[1]].
Briefly, we bound the time required to compute an inexact
average using graph conductance-based and spectral-based
analyses and compare these bounds corresponding to effective
resistance-based and classic randomized gossiping methods.
We were able to show that averaging time with resistance
weights is O(n) faster than that of classic gossiping on a
barbell graph. Furthermore, we prove that for some graphs,
the averaging time with resistance weights can be faster
than known performance bounds for the averaging time with
Metropolis weights. Second, we added numerical experiments
that show that our framework can accelerate DPGA-W and
EXTRA algorithms for consensus optimization.
Contributions. To our knowledge, there has been no sys-
tematic study of (linearly convergent) efficient distributed
algorithms for computing effective resistances. In this work,
first we discuss how existing algorithms in the distributed opti-
mization literature for solving linear systems can be adapted to
solve this problem. After showing that a naive implementation
of existing distributed optimization algorithms, e.g., the EX-
TRA algorithm [24], is inefficient in terms of the convergence
and communication requirements, we focus on Kaczmarz
methods [8]. We propose a distributed variant of the Kaczmarz
method to compute the effective resistances and show that
this algorithm is linearly convergent while being efficient in
terms of total number of local communications carried out. In
particular, numerical experiments suggest finite convergence
of our algorithms which is of independent interest. Then, we
apply our results to the consensus problem which is the prob-
lem of computing the average of node values over a network
in a distributed manner [16]. We show that classic gossiping
algorithms can be accelerated using local information about
effective resistances. Specifically, we propose a variant of
the classical asynchronous consensus protocol and show that
we can accelerate the convergence considerably by a factor
depending on the underlying network. The main idea is to use
the distributed algorithm we developed for effective resistances
to design a weight matrix which can help pass the information
among neighbors more effectively. Second, we consider the
consensus optimization problem, where the agents connected
on a network aim to collaboratively solve the optimization
problem mingeps f(z) := Y., fi(z) where f;(z) : R? — R
is a cost function only available to (node) agent i. This
problem includes a number of key problems in supervised
learning including distributed regression and logistic regres-
sion or more generally distributed empirical risk minimization
problems [25]], [26]. The consensus iterations are a building
block of many existing state-of-the-art distributed consensus

optimization algorithms such as the EXTRA algorithm and the
distributed proximal gradient algorithm (DPGA-W) [27] for
consensus optimization. We show through numerical experi-
ments that our framework based on effective resistances can
accelerate the EXTRA and DPGA-W algorithms for consensus
optimization. We believe our method and framework have far-
reaching potential for accelerating many other distributed algo-
rithms including distributed subgradient and ADMM methods,
and this will be the subject of future work.

Related work. For consensus problems, there are some
alternative methods to accelerate the classical consensus pro-
tocols. The approach in [28]] is a synchronous algorithm and
builds on modifying the weights depending on the degree of
the neighbors based on Metropolis weights and a momentum
averaging scheme. There are also other approaches based
on momentum averaging [29], [30], [31], min-sum splitting
[32] and Chebyshev acceleration [33]], [34] to accelerate the
speed of the consensus methods. Our approach is orthogonal
to these alternative approaches and it aims at improving the
communication efficiency of a consensus optimization algo-
rithm and can be used in principle on top of such acceleration
schemes for consensus iterations from the literature where
randomized sampling of the nodes and weighted averaging
(of local variables at nodes) are used. We also note that since
effective resistance I?;; is proportional to the commute time
C;; between nodes i and j, one could in principle generate
the sample paths of 7" random walks between these nodes
to estimate C;; up to accuracy O(1/v/T) in a distributed
fashion with a Monte Carlo approach [35]], [13]. However,
this technique suffers from slow (sublinear) convergence and
does not scale well to large graphs — which is typical for the
random walk-based Monte Carlo methods, in contrast with the
linearly convergent algorithms we are providing in this work
that are efficient in terms of total number of communications
among the nodes.

Outline. In Section we introduce our decentralized al-
gorithm for computing effective resistances. In Section we
propose an effective resistance-based asynchronous gossiping
algorithm for solving the consensus problem and show its
linear convergence. In Section we provide a number
of theoretical convergence guarantees for this algorithm that
illustrates the performance improvement that can be obtained
with our approach. In Section[V] we provide numerical results
for algorithms given in Sections [[I] and [[II] and illustrate that
our framework based on effective resistances can accelerate
EXTRA and DPGA-W algorithms for consensus optimization.
Finally, in Section we give a summary of our results and
discuss future potential work.

Notation. Let |S| denote the cardinality of a set S and |.|
denote the floor function. We define d; = || as the degree
of i € N/, and m £ |&|. Throughout the paper, £ € RIVIXIVI
denotes the weighted Laplacian of G, i.e., £;; = > JeN; Wijs
Li; = —wy; if § € N;, and equals to 0 otherwise. The set
S™ denotes the set of n x n real symmetric matrices. For an
n x m matrix A, Null(A) £ {# € R™ | Az = 0} and
Rank(A) £ {y € R" | 3z € R™ s.t. y = Ax}. We use
the notation Z = [2;]7_; where z;’s are either the columns or
rows of the matrix Z depending on the context. 1 is the column
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vector with all entries equal to 1, and I is the identity matrix.
We let ||z||, denote the L, norm of a vector x for p > 1. We
also let ||Al|r to denote the Frobenius norm of a matrix A.
A square matrix A is doubly stochastic if all of its entries are
non-negative and all its rows and columns sum up to 1. We
say that a square matrix A is weakly diagonally dominant if its
diagonal entries A;; satisfy the inequality |A;| > 37, ; [Aijl
for every i. Let f and g be real-valued functions defined over
positive integers. We say f(n) = O(g(n)) if f is bounded
above by g asymptotically, i.e. there exist constants k1 > 0
and no such that f(n) < ki - g(n) for all n > ng. We say
f(n) = ©(g(n)) if f is bounded both above and below by
g asymptotically, i.e., there exist constants k1, ks > 0 and ng
such that k2-g(n) < f(n) < k1-g(n) for all n > ng. Similarly,
we say f(n) = Q(g(n)) if there exist constants ¢ > 0 and
ng such that f(n) > cg(n) for every n > ng. Finally, let
log(z) denote the natural logarithm of z (logarithm having
the mathematical constant e as a base).

II. METHODOLOGY

It is well known that the Laplacian matrix £ of an undirected
graph is symmetric and positive semidefinite; and since G is
connected, the nullspace of £ is spanned by 1. In particular,
consider the elgenvalue decomposition £ = Y"1 | Nuu, ; we
have 0 =X\ < Ao < ... <\, and ug = —= —1. Recall that we

would like to compute ET =>r, ; u;u; 1in a decentralized
way. First, we are going to describe a naive way to solve
this problem which would converge with a linear rate, but
require storing and communicating n X n matrices among the
neighboring nodes. Next, we discuss that £T can be computed
in a distributed way using the (randomized) Kaczmarz (RK)
method with significantly less communication burden.

A. A consensus-based naive method for computing L :

Let 6 > /\2 and define £ = £ + QllT, ie., £ =0uu +
S, A s hence, L7 = LT + Zuju] . To compute £,
consider solv1ng (P) : minyesn f(X) 2 2 ||£X fIHF
Note that f is strongly convex with modulus )\2 since 6 > Ao;
moreover, such 6 can be chosen easily in certain cases. For
instance, for unweighted G, i.e., w;; = 1 for (i,7) € &, it
is known that Ao < min;car d;; hence, 6 could be chosen
after running a min-consensus algorithm over G. To solve
(P) in a decentralized manner, we will exploit connectivity
of G. Let #; € R™ be a column vector for i € N _such that
L= Wi)T]zeN’ i.e., (¢;)T denotes the i-th row of L. (P) can
be equivalently written as follows:

/ . i 2 ..
(P) : XlerSg‘l,anN{zeZN_HXlel — eiH2 s Xi =XV (’L,]) € 8} ,
where e; denotes the i-th standard basis vector of R™.
Although this problem is not strongly convex in [X;]iens,
there is a way to regularize the objective f([Xi]ienr) =
Zie./\f HXJZ' — ein to make it strongly convex. Indeed,
can be shown that for a > 0 sufficiently large, f,
f + ar is strongly convex in [X;];enr, where 7([X;lien)
DG, )ee ||Xi*XjH2F§ and one can equivalently consider
min{ fo ((Xilien) : Xi = X, (4,j) € £} — for details,
see [36l, [37)]. In particular, the algorithm EXTRA in [24]

> [> =

exploits a similar restricted strong convexity argument and
achieves a linear convergence rate for the iterate sequence.
That being said, the communication overhead is the main
problem with this approach for solving (P’). In fact, at each
iteration k, each node 7 € A/ communicates its local estimate
X,i’C to its neighbors in Aj;; thus, each iteration of these con-
sensus based methods would require O(2|€|n?) real variable
communications in total, e.g., EXTRA. Next, we discuss the
distributed implementation of the RK method to compute £,
which would prove itself as a more communication efficient
and practical method.

B. Distributed Kaczmarz method for computing L :

Consider a consistent linear system Ax = b, where A =
[a] ™, € R™*™ and b € R™. Suppose A has no rows with
all zeros, and let * = argmin{||z||, : Az = b}. In [38],
it is shown that z* can be computed using a randomized
Kaczmarz method. In particular, it follows from the results
in [38] that starting from 2 € Null(A), the method displayed
in Algorithm 1| produces {2*}>1 such that E[||z* — z* ||§} <
Pk ||a® —z*||, for k > 0 with p £ 1 — X}, (ATHA)
where )\Ln() denotes the smallest positive eigenvalue and

H=Y" p o HQel ;; furthermore, 1 — Ran11<(A) <p<Ll

Note that fixing p; = Hat|| / ||A||F gives us the randomized
Kaczmarz in [39]], [40].

Algorithm 1: RK({p;};;) — Randomized Kaczmarz

1 Initialization: 2° € Null(A)

2 for £ > 0 do
3 Pick ¢ € {1,...,m} with probability (w.p) p;
4 Pt ok — W(a?xk —bi)a;

Note LLT = El ouiu; and I = >0 w;u; hence,
LLT =1 — u1u1 =1- 111T Although the solut10n set
{(Xes":£x=I-111 } has infinitely many elements, it
is well-known that LT is the unique solution to

L' = argmin{||X ||, : £X = B}, (1)
Xesn

where B£1— 1117 Let 2!, ' € R for | € N be column

vectors such that X = [2];enr and B = [b]ien, ie., b =

e — 71 Note n columns of £ can be computed in parallel:

le N, )

2! £ argmin o], :
TER™

Lz = b},

ie., LT = [2!];enr. Since £T1 =0, 27 = Zl 1 2L. Thus,
one does not need to solve for all [ € N; it suffices to compute
{aL}1ean (ny and calculate 27 from these.

Let {z""*};>1 be the sequence generated when RK imple-
mented on @) for [ € {1,...,n — 1}. In Algorithm [2| we
summarized the distributed nature of RK steps assuming that
each 7 € A has an exponential clock with rate 7; > 0, and
when its clock ticks, the node ¢ wakes up and communicates
with its neighbors j € A; on G. More precisely, consider
the resulting superposition of these point processes, and let
{tr}rez. be the times such that one of the clocks ticks; hence,
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for all £ > 0, the node that wakes up at time ¢, is node ¢ with
probability p; = r;/ Zje/\f 74, 1.e., {tx t>0 denotes the arrival
times of a Poisson process with rate .\ 7.

Algorithm 2: D-RK({r;}icnr) — Decentralized RK

1 Initialization: z/° < 0 for I € N\ {n} and i € N/
2 for £k > 0 do
At time tg, i € N wakes up w.p. p; = Zje;\/ o
forl e {1,...,n—1} do

Node ¢ requests and receives m

* from j € \;

Node 7 computes and sends qi to all j € NV;
Lk _ 1 oLk gl
U Sremorn &, (seNiut )Lw”/" bi)
7 Each j € NV; U {i} updates :cl R m

S s W

Lk
i

M~ Lijq

For k > 0, let X* £ [#"*];cnr be the concatenation of
D-RK sequence, where gk & Zf__ xb*, and define

S = diag(s) Z /32 foriec N. (3)
JEN;U{3}

A
where s; =

According to [38], [39], for r; = s;, we get H = Hﬁl\ ——1I, and

this implies linear convergence of {X*};>0 to LT with rate

A (£>>2
£ 1 _ min , 4
g ( 1201, @

IE[HkaETH;} < pkHETHQF for £ > 0. Moreover,
for each i € N, when node i wakes up, Decentralized
Randomized Kaczmarz (D-RK) defined by Algorithm [2] re-
quires 2d;(n — 1) communications — each communication 4
sends/receives a real variable to/from a neighboring node in
N;; hence, at each iteration, i.e., at each time a node wakes
up, the expected number of communication per iteration is
N =3 cn 2pidi(n — 1) < 2dyax(n — 1). In particular, for
unweighted graphs, i.e., w;; = 1 for (i,j) € &, we have

pi:#forze./\/

Instead of (ﬁ]) consider implementing D-RK on a normal-
ized system S~'/2LX = S~'/2B to obtain better convergence
rate in practice — i-th equation in this normalized system can
be computed locally at i € /. For this system, where all the
rows have unit norm, one can set r; = r for some r > 0 for
all i € N — hence, nodes wake up with uniform probability,
ie., p; = % for ¢ € N; for this choice of equal clock rates,
H = 1T and {X"}; converges linearly to LT with rate

>

5_1—4+

min

(LSTIL). )

Moreover, the expected number of communication per iter-
ation is N = 4m"T’1 < 4m. In all experiments on small
world random networks — see the definition in the numeri-
cal section — D-RK implemented on the normalized system
worked significantly better than directly implementing it on
(1) (see Fig.[H). The next proposition formalizes this numerical
observation and shows that the normalized system has a faster
convergence rate. The proof is deferred to the Appendix

Proposition 1. It holds that

_ XE ()
+ 1 min
(s > (R ©

where S is given by (B). Then, it follows that ps < p where
p and pg are defined by @) and (3).

In the next section, we discuss how effective resistances can
be used to accelerate classical gossiping algorithms for solving
the consensus problem.

III. EFFECTIVE RESISTANCE-BASED CONSENSUS

Let y° € R™ be a vector such that the i-th component
represents the initial value at node 4, and let § = >_;", y?/n
be the average. In consensus algorithms, the aim is to compute
4 at each node in a distributed manner. As in Section [[I-B}
we assume that each ¢ € N has an exponential clock with
rate r; > 0. If a node wakes up at time ¢, it is node ¢ with
probability (w.p) p;. Given that the clock of node i ticks at time
t, and the node ¢ wakes up, the conditional probability that
it picks one of its neighbors j € Aj is given by p;j; € (0,1),
where > JEN: p]|, = 1. Next nodes ¢ and j exchange their
local variables y¥ and y We assume that each node i € N/

knows {R;;}jcn, where R;; = cl, +£T 2£Jr for (i,7) € £.
Algorithm 3: Randomized Gossiping
1 Initialization: y° = [y?,45,...,9%]" € R

2 for k> 0 do
3 At time tg, i € N wakes up w.p. p; = Ti/zje/\f 7§
4 Picks j € N; randomly w.p. p;|;

s S yi+yf S yF+yf
yL 2 ’ y] 2

Assuming that there are no self-loops, for each i € N, let

Pii = 0;
P =0,

vV je N, (7a)

(7b)

P = PiDjlis
Vi € N\ N,

where P;; is the (unconditional) probability that the edge (¢, 5)
is activated by the node ¢. Note that by definition, we have
i P & Yien Xjen Pij = 1. We will be considering
two different consensus protocols, where in both protocols
nodes operate as in Algorithm [3| but with different {p; };cnr
and {p;;}jen; for i e N.

1) Classic Randomized Gossiping: At each iteration k, each
edge (i,7) € £ has equal probability of being activated. If an
edge (i,7) is activated at iteration k, the nodes take average
of their local variables yf and yf This algorithm admits an
asynchronous implementation — see, e.g., [16]. In our node-
wake-up based asynchronous setting, the same behavior can be
achieved if each node ¢ wakes up with equal probability p}’ =
%, i.e., using uniform clock rates r; = r > 0 for i € N. The
superscript u stands for the uniform choice of clock rates. Then
node 4 picks the edge (7, j) with conditional probability p¥ i
d% for all j € AV;. In this case, the unconditional probabilities
are given by

11
Pipil; =~ nd;

11
P =pipj, = -, Pji= v (i,j) € €.

nd;’
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2) Randomized Gossiping with Effective Resistances: This
algorithm is similar to the classic randomized gossiping de-
scribed above, with the only difference that the edges are sam-
pled with non-uniform probabilities proportional to effective
resistances {R;;}(; jjee. Indeed, in our node-wake-up based

asynchronous setting, each node ¢ wakes up with probability
ro_ jen; g
Pi = 9 e Ris?
for i € AV, and node ¢ picks (7, j) with conditional probability
p;u = % for all j € N;. Effective-resistance based
JEN; “7I

i.e., setting clock rate r; = EjeNi R;;

gossiping corresponds to the unconditional probabilities
QZ(i,j)eg R 2(n—1)

for all (i, 7) € £ where the third equality follows from Fosters
Theorem which says that }_; e Rij = (n — 1) (see e.g.
[41D].

In order for the two different gossiping methods to have
the same expected number of node-wakeups in a given time
period, one should set r; = r = 2(n — 1)/n for i € N
within the classic randomized gossiping model; hence, the rate
of both Poisson processes will be the same, i.e., Zie NTi =
2(n—1).

Suppose the edge (i,7) is picked by node i. We can write
the update in Step [5 of the Algorithm [3] as

By = pipj = =Pj;

)T

ykJrl _ leyk where le — T — (ei - ej)(2€i — €5
We also define

Wp2Ep[Wyl= > PyWi, ®)
i,jEN

which is the expected value of the random iteration matrix W
with respect to the distribution defined over i € A" and j € N;;
hence, Wpl = W;l = 1. It can also be seen that W;;
is a doubly stochastic, non-negative and a weakly diagonally
dominant matrix for every ¢ € N and j € N;; therefore,
W p, which is a convex combination of W;; matrices, is
also a doubly stochastic, non-negative and weakly diagonally
dominant matrix. It follows then from the Gershgorin’s Disc
Theorem (see e.g. [42]) that all the eigenvalues of Wp are
non-negative. Moreover, since W p is a non-negative doubly
stochastic matrix, its largest eigenvalue A, (W p) = 1. It can
be easily checked that W p also satisfies

Wp=I-iD+3(P+P"), 9)

where D is a diagonal matrix with i-th entry D; £
> jen; (Pij+ Pji). Plugging in P* and P" for P in this iden-
tity respectively leads immediately to the following Lemma.

Lemma 2. The matrices Wpr = Ep-[W;;] and Wp. =
Epu [W;;] satisfy the identities

o 1 Pu PuT

Foe = 1 Lpuy PG
2 2

. 1 Pr PrT

Wor = 1oLy PG

where D" and D" are diagonal matrices satisfying [D"];; :=
U U T A
ZjEM (PZJ+PJl)’ [D ]” = 7(n,£1) Rl where Rl = Zjej\/i, Rzg

Let A(P) denote an asynchronous gossiping algorithm with
probability matrix P characterized by a set of probabilities
{pi}ien and {p;};}jen; fori € N as in (7). The performance
of such an algorithm is typically measured by the c-averaging
time defined as:

k —
Tave(e, P) £ sup inf {k ;P (Hyyl > 5) < 5}.
yOeRn [1°]l
We will prove later in Section that averaging time of
the effective resistance-based consensus Ty, (¢, P") improves
upon that of classical consensus Ty, (g, P*) for some graphs.
We note that the number of clock ticks can be converted to
absolute time easily with standard arguments (simply dividing
k by > icami to get the expected time of the k-th tick),
e.g., see [16, Lemma 1]. This allows us to use number of
(clock ticks) iterations to compare asynchronous algorithms.
The following theorem from [[16] shows that the second largest
eigenvalue of W p determines the averaging time.

Theorem 3 ([16, Theorem 31). For the symmetric matrix W p
defined in (), the following holds:

RN 1Coud NS - o B
Log(Daa (W) 1) log(Dhs (W) D)

where \,_1(W p) is the second largest eigenvalue of W p.

This result makes the connection between the convergence
time of an asynchronous gossiping algorithm and the spectrum
of the expected iteration matrix W p. Therefore, in order to
compare resistance-based gossiping with classical gossiping
introduced in Section [[II-2] it is sufficient to estimate the
second largest eigenvalues of Wp- and Wp. and compare
them. In the next section, we discuss estimating the second
largest eigenvalues of W p- and W p. based on the notions of
graph conductance and hitting times, when the eigenvalues are
not readily available in closed form. We will also discuss some
examples for which we can explicitly compute the eigenvalues.

Before we move on to the spectral analysis of these expected
iteration matrices, it is worth emphasizing that the matrices
W pr and W pu are symmetric and doubly stochastic; there-
fore, they can both be viewed as the probability transition
matrix of a reversible Markov Chain on the graph G, both
with a uniform stationary distribution. In the next section,
we study gossiping algorithms over barbell graphs, which are
frequently studied in the literature for the consensus problem
as they constitute a worst-case example in terms of mixing
properties of random walks [S Section 5] and the performance
of distributed averaging algorithms (see e.g. [4]], [43]]). Barbell
graphs are obtained by connecting two copies of a complete
graph Kj; with a single edge (see Figure [I)), and are denoted
as K5 — Kj.

Fig. 1: Barbell graph K7 — K5 with n = 272 = 12 nodes
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For K; — K3, let (i*,5*) be the edge that connects the
two complete subgraphs. This is the only edge that allows
node values to be propagated between the complete subgraphs;
therefore, how frequently it is sampled is a key factor that
determines the averaging time. For example, the unconditional
probability of sampling this edge, which we refer to as
the bottleneck edge, with uniform weights can be computed
explicitly as

u 11 2 “
However, we have
Rjx jx 1
PL.=P..= I = 11
v 7 2(n—1) 2(n—1)’ (n

where we used the fact that R;-;« = 1 (see also the proof
of Lemma [I6)). Comparing the probabilities and (TI)), we
observe that effective resistance weights allow sampling of
the bottleneck edge more frequently (by a factor of ©(n)).
A similar effect can also be observed for the Markov chains
defined by the transition probability matrices W pu and W pr.
In fact, by an explicit computation based on Lemma [2} we get

— — 2

[Wpu}l*]* = [WP“]j*i* = 727
n

1

2(n—1)

(12a)

(Werlisje = [Wprljeir = (12b)

Notice that the probability of moving from one complete
subgraph to another is significantly larger (by a factor of ©(n))
for the effective resistance-based Markov chain. Intuitively
speaking, this fact allows the effective resistance-based chain
to traverse between two complete subgraphs faster when n is
large which in turn leads to faster averaging over the nodes.
This will be formalized and proven in the next section.

IV. THEORETICAL GUARANTEES FOR EFFECTIVE
RESISTANCE-BASED CONSENSUS

A. Conductance-based analysis

Probability transition matrices on graphs have been studied
well in the literature; in particular, there are some combina-
torial techniques to bound their eigenvalues based on graph
conductance [3|] as well as some algebraic techniques that
allow one to compute all the eigenvalues explicitly exploiting
symmetry groups of a graph [44] as we shall discuss in
Section

The notion of graph conductance is tied to a transition
matrix W over a graph which corresponds to a reversible
Markov chain admitting an arbitrary stationary distribution 7.
It can be viewed as a measure of how hard it is for the Markov
chain to go from a subgraph to its complement in the worst
case. Roughly speaking, low conductance means that there
exists a subset of nodes that is not well-connected with the
rest of the graph. The notion of graph conductance allows us
to provide bounds on the mixing time of the corresponding
Markov chain as we discuss below.

Definition 4 (Conductance). Let W be the transition matrix of
a reversible Markov chairﬂ on the graph G with a stationary
distribution = {m;}"_,. The conductance ® is defined as

Dies, jese TiWij
(I> _ . 7 , J€E
W) = min e (8), 7 (SO

where m(S) 1=, g .

13)

Given the transition matrix W, the relation between con-
ductance ®(TV) and the second largest eigenvalue A,,_1 (V)
is well-known and given by the Cheeger inequalities (see e.g.
[45 Proposition 6])

1—20(W) < Ay 1 (W) < 1— (W), (14)

Therefore, larger conductance leads to faster averaging time in
light of Theorem [3] In particular, we can get lower and upper
bounds on the averaging time for both classic and effective
resistance based gossiping using the Cheeger’s inequality.
Next, we study gossiping algorithms over barbell graphs
through conductance analysis. In particular, our next result for
a barbell graph with n = 21 nodes shows ©(n) improvement
on the conductance of effective resistance-based transition
probabilities W p- compared to uniform probabilities W pu.

Proposition 5. Consider the two Markov chains on the barbell
graph Ky — Ky, defined by the transition matrices W pu and
W pr. Their respective graph conductance values are given by

b
n(n—1)

By taking the logarithm of the Cheeger inequalities (T4)),
for ®(W) < 1/2, we obtain

—log(1 — ®*(W)) < log(A, L, (W) < — log(1 — 2B(W)).

15)
Then, choosing W = Wpu and W = W p- above, applying
Theorem [3| and Proposition [5| and noting — log(1 — z) ~ x for
z close to 0, leads to the following lower and upper bounds
on the averaging time of effective resistance-based gossiping
and classical gossiping algorithms.

O(Wpu) = 2

n3’ (I)(WPT) =

Corollary 6. The c-averaging times of gossiping algorithms
A(P*) and A(P") on the barbell graph with n nodes admit
the following bounds:
O(n’log (1/¢)) < Tave(e, P*) < ©(n’log(1/e)),
©(n*log(1/e)) < Tuve(e, P7) < ©(n*log(1/e)).

(16)
a7

These bounds from Corollary [§] for the barbell graph show
that using effective resistances, one can improve upper and
lower bounds on the averaging times for consensus by a
factor of ©(n) and ©(n?), respectively, at the same precision
€ > 0. One can also consider other similar graphs with low
conductance, e.g., c-barbell graph (denoted by ¢ — Kj) for
¢ > 2 is a path of ¢ equal-sized complete graphs (K;) [46] as
illustrated in Figure 2]

For c-barbell graphs, we can show similar improvement for
the upper and lower bounds in terms of scaling with respect
to the total number of nodes n = cn.

2That is 7(i)W;; = m(§)W; for all i,j € N.
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c-many

Fig. 2: A c-barbell graph with 7 = 4 (total number of nodes
n = nc = 4c¢).

Proposition 7. Consider the two Markov chains on the c-
barbell graph with n = nc nodes defined by the transition
matrices W pu and W pr. Their respective graph conductance
values satisfy

Cyx Cx

S(Wpe) = —3,  @(Wpr) = (en 1)’ (18)

where c, = ([5]) ' Then, it Sollows that
O(c’i®) < Tyve(e, P*) < O(c'R), (19)
O(c*n?) < Tave(e, P7) < O(c*n). (20)

Although this analysis is also applicable to other graphs with
low conductance, it does not typically lead to tight estimates,
i.e., the lower and upper bounds do not match in terms of their
dependency on n. In the next section, we show that for the
case of barbell graphs we get tight estimates on the averaging
time by computing the eigenvalues of the averaging matrices
W pr and W pu explicitly. More precisely, we will show in
Proposition [9] that the lower bounds in (I6)—(I7) are tight in
the sense that Tj,,¢ (g, P*) = ©(n?) and Ty (e, P7) = O(n?)
and the effective resistance-based averaging is faster by a
factor of ©(n).

B. Spectral analysis

Eigenvalues of probability transition matrices defined on
barbell graphs are studied in the literature. Consider the edge-
weighted barbell graph K; — K; with n = 2n nodes. Let
(i*, 7*) be the edge that connects the two complete subgraphs.
The result [44, Prop. 5.1] gives an explicit formula for the
eigenvalues of a probability transition matrix W with tran-
sition probabilities proportional to edge weights, i.e., W;; =
Wij/ Y e, Wij Where wj; satisfy the following assumptions:
Wixgr = Wjxjx = 0, Wixj» = A, wi=; = wj+; = B for all
J €N \{j*} and i € Nj- \ {i*}, w;; = C for all (4, ) in
each K such that i # j and 4,5 ¢ {i*,5*}, and w;; = D for
i€ N\ {i*, 7%} for some A, B,C, D. However, in our case,
all of the entries on the diagonal of W p and W pu are strictly
positive (breaking the w;y;« = wj.j» = 0 assumption); there-
fore, [44, Prop. 5.1] is not directly applicable. In Proposition 8]
we adapt this result to our setting with minor modifications to
allow wj«;+ = w;=;= = G for any G > 0 so that it becomes
applicable to W p, and W pu. The proof steps are similar to
the proof of [44, Prop. 5.1] and are based on exploiting the
symmetry properties of the barbell graph illustrated in Figure
for n = 4. That said, we still provide the modified proof in
the supplementary file for the sake of completeness.

Fig. 3: An edge-weighted barbell graph Kj; — K with edge
weights A, B,C, D, G > 0 for n = 4.

Proposition 8 (Generalization of Proposition 5.1 in [44]).
Consider the edge-weighted barbell graph K; — Kj; with
n = 20 nodes. Let (i*,j*) be the edge that connects the
two complete subgraphs. Assume that weights are of the form
Wixjx = Wyxjx = G, Wi j* = A, Wixj = Wiy = BfOI’ all
J €N \{j*} and i € Nj- \ {i*}, w;; = C for all (i,j) in
each Ky, such that i # j and i,j ¢ {i*,7*}, and w;; = D
for i € N'\ {i*,5*} for some A,B,C,D,G > 0. Consider
the transition matrix W associated to this graph with entries
Wi; = wij/ ZjeM w;j, then the eigenvalues of W are

o N\, := 1 with multiplicity one,

. )\b = —1 + Afng + F+B with multiplicity one,

o A= B+F S with multiplicny n—

1
o Ax = (B+F + A+E+G = f)

where E := (n—1)B, F := D+ (n—2)C and S := (B—I_iF—F
G-A \2 4(FG-BE-AF)
A+E+G) T (BF¥F)(ATE+G)"

Proof. Proof of Proposition [§ is given in the supplementary
material with some background material on the symmetry
groups of the barbell graph. O

Based on this result, we characterize the second largest
eigenvalue of the consensus matrices Wps and W p. with
an explicit computation; next, using Theorem [3| we show that
averaging time with resistance weights is ©(n) faster on a
barbell graph. The proof can be found in the appendix.

Proposition 9. Consider Markov chains on the barbell graph
K; — K;, with transition matrices W pr and W pw. The second
largest eigenvalues of these matrices are given by

vt (W) = 1— @(%), v (W) = 1 — O(=).

n3
Then, it follows from Theorem [3] that

Tove(e, P") = @(%)Tave(s, pP*).

C. Hitting Times and Mixing Times

Before giving a formal definition of the e-mixing time,
we introduce the total variation (TV) distance between two
probability measures p and ¢ defined on the vertex set N =
{1,2,...,n}. Let p and ¢ be probability measures on N. TV
distance between p and ¢ is defined as

1
np—wnu=5w—mn
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Given a Markov chain with probability transition matrix W
and stationary distribution 7, e-mixing time is a measure of
how many iterations are needed for the probability distribution
of the chain to be e-close to the stationary distribution with
respect to the TV distance.

Definition 10. Given a Markov chain with probability tran-
sition matrix W and stationary distribution w, the £-mixing
time is defined as

Trniz(e, W) = inf sup
k20 po>0:[lpol1=1

I(W*) Tpo — 7llzv < 5} :

Mixing-times and averaging times are closely related. In
fact, given probability transition matrix W, it is known that
Tove(e, W) and Tmm(e,W) admit the same bounds up to
nlogn factors [[16, Theorem 7] for W = % — note [16}
Theorem 7] uses absolute time whereas we used number
of node wakeups to define e-averaging and e-mixing times;
therefore, we multiplied log(n) factor in [16, Theorem 7] by
Y ieaTi = 2(n — 1) to convert absolute times to number
of node wakeups. Hence, designing algorithms with a smaller
mixing time, often leads to better algorithms for distributed
averaging (see also [47]). It is also known that mixing time
is closely related to hitting times [48, Theorem 1.1] for a
Markov Chain where the hitting time Hy (i — j) is defined
as the expectation of the first time that the random walk with
transition matrix W reaches j starting from 3.

Given a connected G = (N, £), suppose there are no self-
loops, i.e., (i,7) & & for i € N. Uniform weights Py = i can
result in slow mixing on some graphs such as the barbell graph
(see Proposition [0) or other graphs like lollipop graphs [3]
which have both high degree and low degree nodes together.
A popular alternative to uniform weights { ;\z} jen; fori e N
is the Metropolis weights M = [M;;];; where

1 . . .
N max(d;,d;) . if (la]) € ga
Mij =91- ZjGNi max(d;,d;) if i = J>
0 else,

and its lazy version uses

I+M
2 )

M2

which is popular in the distributed optimization practice [49].
The matrix M is symmetric and positive semi-definite, unlike
the matrix M which may have negative eigenvalues that can
be close to —1 (therefore, it can be problematic for the conver-
gence of distributed algorithms, see e.g. [24]). Combined with
uniform wake-up of nodes, this leads to the following wake-up
probabilities for the Metropolis weights based system:

pM —

7

M;;,

3=

and the associated matrix

Wpn £ Epu Wyl = PYWi;.

ij

In particular, for any connected graph G = (N &) with n
nodes, we have the following guarantees from [49, Lemma
2.1] on the lazy Metropolis weights:

max  Hy (i — j) < 12n?,

ije{1,2,...,n}
and

~ 1
(M) <1-— .
An-1(M) < 71n?

21
By (@), we have also

— 1 1 -~

W =(1 n)I+ nM.
Therefore, from 1)), we get the bound

1
Tin3’
for any connected graph G. Therefore, we conclude from
Theorem [3] that the e-averaging time of Metropolis weights-
based gossiping on any graph is O(n3log(1/¢)) — again using
the fact that — log(1—xz) ~ x for x close to 0. That said, in the
special case of the barbell graph, Metropolis weights perform
similar to uniform weights; both require ©(n3log(1/¢)) time
which is improved by the effective resistance-based weights
to ©(n?log(1/¢)). Furthermore, it can be shown that among
all the gossiping algorithms A(P) with a symmetric P matrix
on the barbell graph, this rate is optimal with respect to ¢ and
n and cannot be improve(ﬂ In this sense, effective-resistance
based gossiping with P = P" leads to optimal performance
on the barbell graph with respect to scaling in n and € among
all the symmetric choices of the P matrix.

Next, given any connected graph G, we obtain a bound on
the second largest eigenvalue of the W p- and show that the
averaging time with effective resistance weights Ty, (¢, P") =
O (Dn®log(1/e)) where D is the diametelﬂ of the graph. In
fact, if the diameter D < 11, our bounds for the effective-
resistance weights improve upon that of Metropolis chain by
a (small) constant factor. This would for instance hold for
barbell graphs where D = 3 or for mid-size small world
graphs which are random graphs that arise frequently in real-
world applications where nodes can be reached from every
other node by a small number of steps [SIE

ATL—I(W}DJ\Z) S 1-

Theorem 11. Let G be a gaph with diameter D. The second
largest eigenvalue of the W pr matrix satisfies

A1t (Wpr) <1— .
n-1 )< 6Dn3

3Note that when P is symmetric, it is doubly stochastic. For large n
and doubly stochastic P, by [16l Corollary 1], we have Tuue(e, P) =

C) (%). On the other hand, Roch proved that [S0, Section 3.3.1.]
any doubly stochastic P matrix on the barbell graph with n nodes sat-

isfies the bound ﬁm = Q(n). Therefore, we obtain Tgve(e, P) =

Q (n?log(1/e)).

4The diameter of a graph is D = max; je d(i,7) where d(i,j) is the
shortest path on the graph between nodes ¢ and j.

S5For example, we observe that the small world graphs that we randomly cre-
ated with parameters n = {5, 10, 15,20,25} and m = |0.2(n? —n)| using
the methodology described in the numerical experiments (see Section
satisfy D < 5 on average over 10% independent and identically distributed
(i.i.d.) samples. Alternative construction techniques for these graphs are also
studied by Cont er al. [51] where it is shown that randomized community-
based small world graphs admit 2 log(n) upper bound almost surely on the
diameter diameter D. For instance, these graphs will satisfy D < 11 almost
surely for n < 240.
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Proof: Tt follows from our discussion in Section that
W p- is non-negative and doubly stochastic (see the paragraph
before Lemma [2). Therefore, for analysis purposes, we can
interpret W p as the transition matrix of a Markov chain M
whose stationary distribution 7 is the uniform distribution. Our
analysis is based on relating the eigenvalues of W p» matrix
to the hitting times of the Markov chain M where we follow
the proof technique of [49, Lemma 2.1]. By Lemma [17] from
the appendix, we get

2(n—1)

Hi
w R’ij

(i—=j)<n if jeN:.

P

For any graph, it is also known thalE]

2
min R;; > —.
1,] n

Therefore, for any neighbors ¢ and j,
Hyy . (i — 7) <n?(n—1).

For any two vertices ¢ and j not necessarily neighbors, i # j,
let vo(= 7),v1,...,v¢(= j) be a shortest path connecting i
and j. Then, by the sub-additivity property of hitting times,
for any i,j € N, we obtain

HWP"' (Z - .7) < €n2(n — 1) < DnQ(n — 1)_

It follows from an analysis similar to [S3] that

1
Tmix 77W T
(8 Pr) 8@j£ﬁ?%nﬁ

< 8Dn3.

IN

HWPT (’L — j) +1
(22)
From [353 eqn. (12.12)], we also have

1 — 1
Tmim(g,WPT‘) Z (1)\”_1(”/137) — 1> 1H(4).

Combining this with the estimate (22) implies directly

1

L (Wpe) <1 —
Anmt(Wer) S 1= o505

which proves the claim. ]

V. NUMERICAL EXPERIMENTS

In this section, first we provide numerical experiments to
show that {R;;}(; jjes can be computed very efficiently in
a decentralized fashion for a given connected G = (N, &);
second, we demonstrate the benefits of using effective resis-
tances for both solving the consensus problem and also within
DPGA-W [27] and EXTRA [24] algorithms for consensus
optimization.

OThis follows directly from the Rayleigh’s mononotonicity rule [6] which
says that if an edge is removed from a graph, effective resistance on any edge
can only increase. Therefore, the complete graph provides a lower bound for
R;; where R;; = 2/n (see also [52]).

A. Decentralized computation of Lt

We tested D-RK, shown in Algorithm [2| and its normalized
version, i.e., D-RK on S~'/2£X = S~'/B, for unweighted
small-world-type communication networks, and we compared
these randomized methods with deterministic (cyclic) Kacz-
marz method. Given positive integers n, m such that m > n,
let £ € S™ denote the adjacency matrix of the small-wold
network parameterized by (n,m) such that E; ;11 = 1 for
it =1,...,n—1and EFy, = 1, and the other m — n
entries are chosen uniformly at random among the remaining
upper diagonal elements of E and set to 1. We considered
n € {10,20} and for each n, we chose m such that the edge
density, 2m/(n? — n), is 0.4 or 0.8. For each scenario, we
plot the average of loglog(1 + || X* — LT|| . /||£T]| ) over
100 sample paths versus iteration counter k, i.e, number of
node wake-ups.

The results show that the randomized algorithms are slower
than their deterministic counterpart; this is the price to pay for
asynchronous computations. D-RK applied to the normalized
system was also faster than the standard D-RK, i.e., numer-
ically we see ps < p as suggested by the inequality (6)
and Proposition [ We also observed finite convergence on
every sample path numerically — the finite number of iterations
required for convergence depended on the sample path chosen;
hence, averaging iterates over sample paths led to the smooth
curves reported in Fig. il Given G = (N, &) with n nodes,
m edges, and some b € R”, @(m) convergence behavior
has already been observed for randomized Kaczmarz (RK)
methods to solve Laplacian systems Lz = b where O hides
some logarithmic factors in m, i.e., to compute LTb — this
would naively imply O(mn) RK iterations for computing L1,
e.g., see [54]. This might explain why numerically we observe
finite convergence in our tests.
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9 s —D-RK 2 s D-RK
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Fig. 4: Performance of D-RK and normalized D-RK on small-world
G: top, left: (n,m) = (10,18), top, right: (n,m) = (10, 36),
bottom, left: (n,m) = (20, 76), top, right: (n, m) = (20, 152).
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B. Consensus exploiting effective resistances

1) Classic vs ER based randomized gossiping: We compare
the performance of both protocols over an unweighted barbell
graph K; — Kj; with n = 2n nodes. Such a graph is
illustrated in Fig. [l} In our experiment, we set n = 20. Let
Nr={1,...,20} and N, = {21,...,40} represent the node
sets in right and left complete subgraphs (K on the right and
left) of the barbell graph.

To initialize y°, we sample y? from N(100,1) for i € N,
and y) from N(0,1) for i € Ng where N(u,0?) denotes the
normal distribution with mean y and variance o2 — this way
both lobes have significantly different local means. On the left
of Fig. |5, we plot loglog(1 + ||y* — yl’|2 /17]); and on the
right, we plot 55 Yien, ¥ and 55571y vs k for both
protocols. The results show that randomized gossiping with
effective resistances is much faster.

= ——Left Avg. - ER Gossip P.
S e S— 0 ——Right Avg. - ER Gossip P.
5 ——Left Avg. - Classic Gossip P.
=, 8 Right Avg. - Classic Gossip P.
- - -
S \
| -4
P
>
T 40 T
= , _—
: [~
2
:;"0 ——ER Gossip Protocol 0
S ——Classic Gossip Protocol
121 -2
0 05 1 15 2 0 05 1 15 2
k: # of times of node-wake-up's 10 k: # of times of node-wake-up's x10*

Fig. 5: Performance of classic vs effective resistance based gossiping
on barbell K29 — Ka: left: Relative error vs k, right: Average of
left and right lobes vs. k for both protocols.

2) Effective resistance-based gossiping vs state-of-the-art:
Gossiping algorithms have been studied vastly in the literature
and there have been a number of approaches [47]], [55], [S6l,
(570, 1581, [59], [60]. In light of Theorem the fastest
gossiping algorithm A(P) is obtained for the choice of P that
minimizes the second largest eigenvalue A, (W p). Boyd
et al. show that such an optimal probability matrix P°" can
be computed by solving a semi-definite programming (SDP)
problem and develop a distributed subgradient method to
compute it [16, Section IV]. This method requires a decaying
stepsize and computation of the subgradient of the objective
An_1(Wp) with respect to the decision variable P at every
iteration which itself requires solving a consensus problem at
every iteration. This can be expensive in practice in terms
of average number of communications required per node.
Furthermore, as the authors mention in [[16], the subgradient
methods are relatively slow with at most sublinear convergence
behavior due to the decaying stepsize (compared to a linearly
convergent algorithm such as the D-RK method) and has no
simple stopping criterion that guarantees a certain level of
suboptimality. The resulting gossiping algorithm with optimal
choice of the probability matrix P°" is called the Fastest
Mixing Markov Chain (FMMC) in the literature [61]. Our
algorithm, the effective resistance-based gossiping algorithm
(ER), computes a probability matrix P” faster (with linear
convergence guarantees). Even-though the resulting P” proba-
bilities are not optimal, in the following numerical experiments

we illustrate that ER works well in practice in terms of total
number of communications required.

In our experiments, we compare average communication
times per node of ER and FMMC on barbell graphs and small
world graphs. This comparison consists of two stages: (¢) pre-
computation stage (where the probability matrices P” and P°"
are computed up to a given tolerance) (i¢) asynchronous con-
sensus stage (where we run ER and FMMC with probability
matrices P” an P°P' obtained from the previous stage to solve
a consensus problem). Since FMMC does not have a simple
stopping criterion, we first compute the optimal probability
matrix P°P! with a centralized algorithm based on interior-
point methods using the CVX software [62]. Similarly, we
compute £ for ER. Then, we stop the distributed subgradient
method to compute P°P' when the iterate Py at step k of
the method satisfies W < € and ¢ is the given
precision level. We also stop the D-RK algorithm similarly
when the iterate X* at step k satisfies % < €. In
the second (asynchronous consensus) stage, at every iteration,
a node contacts a neighbor to compute an average of their
state vectors, this is considered as one communication for the
node. For the barbell graph, the initial state vector y) € R*
for consensus and is sampled from the normal distribution
N(500, 10) if < € N, and from N(-500, 10) if : € Ng. We
stop the consensus stage for both algorithms when the iterates

k _
yk satisfy the error ‘%ﬁ;llll < €5 where €5 is the tolerance
level.
Ave. comm. | Ave. comm. Tot. ave.
Graph Method | P node per node comm.
(pre-comp.) asynch. per node
(x10%) (consensus) (x10%)
Ks — K5 | ER 1.5 81 1.5
FMMC 8.1 65 8.1
K10 — K10 | ER 42.5 197.67 427
FMMC | 90.6 129.60 90.7
Ki5 — K15 | ER 313.4 313.31 313.8
FMMC | 5114 189.85 511.6
Koo — K20 | ER 1299.9 432.98 1300.3
FMMC | 10170.3 251.15 10170.5
Kos — Kos | ER 3926.1 565.96 3926.7
FMMC | >33x10!° 287.30 >33x1010

TABLE I: The comparison of FMMC and ER on the barbell
graph

Table [[] compares the average number of communications
per node required for €5 = ez = 0.01 accuracy for both
FMMC and ER on the barbell graph. We use the recommended
decaying stepsize ay, = R/k from [16] for the distributed
subgradient method where the stepsize amplitude parameter R
is tuned to the graph to achieve the best performance. Results
are reported in Table [I| in which we compare the average
communication per node in the pre-computation stage (third
column of E]) and in the second ( asynchronous consensus)
stage (fourth column of [) as well as a cumulative sum of
both stages (fifth column of [) when the number of nodes is
varied. We observe that consistently ER requires significantly
less communication per node in the pre-computation stage.
This is because at each step of the pre-computation, FMMC
computes a subgradient of the objective \,_1(Wp) with
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respect to P which requires solving a consensus problem
at every iteration, and this can be expensive in terms of
total number of communications required. Since FMMC finds
the optimal probabilities, the asynchronous consensus stage
with FMMC and target accuracy of ez = 0.1 requires less
communications by a factor of at most two. However, when
we consider the cumulative sum of both stages, we observe
that ER requires significantly less communication.

Next, we compare ER and FMMC on small world graphs
in Table We took small world graphs that have an edge
density of -3 ~ 0.4 (by choosing m = [0.2(n? — n)])
as the number of nodes n is varied and similar to previous
experiments we compared the pre-computation stage, asyn-
chronous consensus stage and the cumulative sum of both
stages in terms of total number of communications per node
with tolerance level €; = €3 = 0.05. In the precomputation
stage, we terminate both algorithms (D-RK and the distributed
subgradient method) if the target accuracy e¢; = 0.05 is
achieved or if the average number of communications per node
reach out to a maximum limit of 10°. ER required significantly
less communications per node than the maximum communica-
tion limits to operate, whereas FMMC algorithm reached the
maximum communication limit when the number of nodes was
10 or larger. In the second (asynchronous consensus) stage,
we used the calculated probabilities that approximate P” and
PP from the pre-computation stage within the target accuracy
€1 and the maximum communication limit. We observe that
ER performs consistently better than FMMC in the second
stage as well. Finally, the last column of Table [[] reports the
average communication required per node to complete both
stages, and we see that ER requires significantly less number
of communications. These results show that ER is a practical
algorithm in terms of communication efficiency on the small-
world graphs as well.

Ave. comm.

Ave. comm. Tot. ave.
Graph Method | per node Pf;rs nr?f}f comm.
(pre-comp.) <co)1/1 Sen'sus) per node
n=25 | ER 6.4 40.53 47
FMMC | 11160.8 84 11.245
n=10 | ER 16.8 130.30 147
FMMC | > 10° 142.84 > 106
n=15 | ER 14.93 225.63 240.56
FMMC | > 106 271,00 > 106
n =20 | ER 19.20 315.22 33442
FMMC | > 106 370.00 > 106
n =25 | ER 500.00 403.32 903.32
FMMC | > 106 512.00 > 106

TABLE II: The comparison of FMMC and ER on the small
world graph

C. Effective resistance-based DPGA-W and EXTRA

We implemented our resistance-based communication
framework into the state of the art distributed algorithms:
DPGA-W [27] and EXTRA [24] on the regularized logistic
regression problem over a barbell graph K — Kj; with n = 2n
nodes:

n N
i . . A 1 2 1 —bigﬂ.;r.’E
;glﬂgzlfz(a:), filz) 2 2 Jlzf” + & glog(l 4 e bualmy,
1= f —

(23)

where N, is the number of samples at each node,
{(aie, bie) }p2, € RP x {—1,1} for i € N denote the set of
feature vectors and corresponding labels. We let p = 20 and
N, = 5. For each n € {20,40} and o € {1, 2}, we randomly
generated 20 i.i.d. instances of the problem in (23] by sampling
air ~ N(1,0%I) independently from the normal distribution
and setting by = —1 if 1/(1 + e~ 1) < 0.55 and to +1
otherwise. Both algorithms are terminated after 10* iterations.
For benchmark, we also solved each instance of @I) using
MOSEK [63] within CVX [62]. We initialized the iterates
uniformly sampling each p components from the [500, 510]
interval for nodes in one Kj, and from [—500, —490] for
nodes in the the other K. The results for n = 20 and
n = 40 are displayed in Fig. [6] and Fig. [7] respectively.
We plotted relative suboptimality ||x* — x*|| /[|x*||, func-
tion value sequence ., - fi(z¥) for the range [0, 10°],
and consensus violation jﬁck - ikH /+/n, where k denotes
the (synchronous) communication round counter — in each
communication round neighboring nodes communicate among
each other synchronously once — and x* = [2¥],cs denotes
the k-th iterate; moreover, X* = 1 ® z*, z8 = 3", _\ a¥/n,
x*:=1®x* and x* is the minimizer to (23).
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Fig. 6: The suboptimality, function value and difference from aver-
age comparison of logistic regression using DPGA-W and EXTRA
algorithms with resistance weights and uniform probability weights
on barbell graph Ko — Kio. Left: Data of the logistic regression
model is sampled using o = 1, Right: Data is sampled using o = 2.

Both DPGA-W| and EXTRA uses a communication matrix
W that encodes the network topology. DPGA-W uses node-
specific step-sizes initialized at =~ 1/L; for i € N, where
L; denotes the Lipschitz constant of V f;, we adopted the
adaptive step-size strategy described in [27, Sec. III.D]; and
for EXTRA, we choose the constant step-size, common for
all nodes, as suggested in [24], i.e., we choose the stepsize as
2/\min(W)/maXieN L;, where W = (I+WwW)/2.

"In DPGA-W stepsize parameter y; is set to 1/ ||w;|| for i € N — see [27].
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Fig. 7: The suboptimality, function value and difference from aver-
age comparison of logistic regression using DPGA-W and EXTRA
algorithms with resistance weights and uniform probability weights
on the barbell graph K»o — K. Left: Data of the logistic regression
model is sampled using o = 1, Right: Data is sampled using o = 2.

For both algorithms, we compared two choices of W: W™
based on uniform edge weights, and W" based on effective
resistances. In DPGA-W, the graph Laplacian is adopted for
uniform weights, i.e., W% = WP .= £ while for the
effective resistance-based weights, we set W’ = WProaw
where W™ := 37\ Ryj for i € N and W;™"" =
—R;; for (i,7) € £ and 0 otherwise. For EXTRA, W™ ™™ —
I—- L/7 where 7 = Apax(£)/2 + £; on the other hand,
WT’,EXTRA — I _ WT,DPGA-W/T WhGI‘G T = )\max(WT,DPGA-W)/Q + e
for e = 0.01.

Figures [6] and [7] give the performance comparison of both
DPGA-W and EXTRA algorithms with effective resistance
and uniform weights in terms of suboptimality, convergence in
function values and consensus violation for the barbell graph
Ki9 — K10 and K99 — Ko respectively — the reported results
are averages over the 20 problem instances. The left panels of
Figures [6] and [7] report noise level o = 1 whereas right panels
report o = 2 (which corresponds to noisier data). In Figures [6]
and [/} we observe that effective resistance weights improves
upon the uniform weights for both EXTRA and DPGA-W
methods consistently to solve the logistic regression problem
in terms of suboptimality, function values and consensus
violation signficantly. We also observe that with noisier data
(when ¢ = 2 as opposed to ¢ = 1), DPGA-W works
typically faster than EXTRA in terms of function values and
suboptimality. This is because when noise level o gets larger,
the local Lipschitz constant L; of the nodes demonstrate higher
variability, and DPGA-W adapts to this variability as it uses a
stepsize that is different at each node in a way to adapt to L;,
whereas EXTRA uses a constant stepsize that is the same for
each node. On the other hand, in terms of consensus violation,
we see that EXTRA with effective resistance weights typically
outperforms DPGA-W with effective resistance weights.

VI. CONCLUSIONS AND FUTURE WORK

In this work, we developed a linearly convergent distributed
algorithm for computing effective resistances over an undi-
rected connected graph G. Our method builds on an efficient,
distributed and asynchronous implementation of the Kaczmarz
method for solving linear Laplacian systems Lx = b. We
also presented an application of our algorithm to accelerate
distributed optimization algorithms including the EXTRA,
DPGA-W and randomized gossiping methods, and both nu-
merically and theoretically demonstrated that our algorithms
can accelerate existing state-of-the-art methods.

As part of our future work, we will investigate the finite
convergence properties of our algorithm to compute the effec-
tive resistances, suggested by the experiments. Finally, we will
investigate the applications of effective resistances to a wider
class of distributed optimization algorithms beyond EXTRA
and DPGA-W such as ADMM or other operator splitting-
based distributed methods.

APPENDIX A
PROOF OF PROPOSITION(T]

We first prove the following lemma which shows that the
diagonal entries {s;}7_; of S are related to the Frobenius norm
of L.

Lemma 12. The Laplacian L has the following property:

n

(24)

where s; is defined by (3).
Proof: Note that
IEIE =D LG=2. > Lh=>_s
i=1 j=1 i=1 jeN;U{i} i=1

where we used the fact that £;; = 0 for all (i,5) ¢ &.
Applying arithmetic-harmonic mean inequality to the sequence
{si}ie{l,“m,}, we obtain

1 1« "L 191
LTS St} o
Ll n;s >n ;S

Multiplying both sides with 1/n leads to (24). [ |

Since £ and S are symmetric matrices so are £? and
S=1 Let {\; (L)}, and {)\;(S)}"_; denote the eigenvalues
of these matrices sorted in increasing order, i.e. A, is the
largest eigenvalue, \; is the smallest one. By the eigenvalue
interlacing result in [64, Chapter 2, Eq. (2.0.7)], we obtai

nA2(L287Y) > 2 (L7) ) T NS, (25)

i=1
where all the matrices have non-negative real eigenvalues as
both £ and S are symmetric with non-negative eigenvalues.
Clearly, \2(L£2) = X2(L£)? > X\1(£?) = 0. Furthermore, the
eigenvalues of £2S~! and LS~ are the same because if u

SWe set I =mn and iy = 2 fort = 1,...,l in Eq. (2.0.7) in [64].
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is an eigenvector of the latter matrix corresponding to a non-
zero eigenvalue A, then Lu would be the right eigenvector of
the former matrix with the same eigenvalue; similarly, if
is a right-eigenvector of £2S~! corresponding to a nonzero
eigenvalue )\, then LS~ !u is an eigenvector of LS~1L with
the same eigenvalue. Therefore, since £LS~'L is positive
semidefinite with A (LS~1L) = 0, we also have

M (L3287 =o0. (26)

Moreover, S is a diagonal matrix with diagonal entries
Sii = s;; therefore, eigenvalues of S are given by s; with
i=1,2,...,n. Hence (25) is equivalent to

n

2
D2 ML Y 5 = MO

S;
i=1 """

nAa (L3S~ >0, (27)
where the inequalities follow from Lemma [I2] and the fact
that Ao(L) = Al (£) > 0 due to G being a connected graph,
where AT, (-) denotes the smallest positive eigenvalue. From
[6) and 7)), we conclude that A\2(L£2S~1) is the smallest

positive eigenvalue of £2S71, i.e.,
Ao (L2387 = AF (L2871, (28)

Finally, using the fact that the eigenvalues of £2S~! and
LS~1L are the same once again, we get M (LS7IL) =

min (

A (£2871). Combining this with (27) and (28) leads to
AF 2
An(£8710) = AL (€257 > (R’
F

which proves (). Then, the fact that ps < p follows directly
from the definitions in (3) and (3).

APPENDIX B
PROOFS OF PROPOSITIONS [5 & [7]
Proof of Proposition 5} Notice that the stationary distribution
7 of a Markov chain with a doubly stochastic transition matrix
W is uniform, i.e. 7(i) = + for all i € N/; therefore, the sum

(13)) becomes
Ly ow,

zeS jESe

(29)

For both W = W pu and W = W p-, we can compute all the
entries of these matrices explicitly (see (IZ) and Lemma [I6).
Then, it follows after a straightforward computation that the
minimum in 29) is attained when S is the set of the vertices
of one of the complete subgraphs of the barbell graph. Since
(i*,7*) is the only edge connecting S and S°¢, it follows from

(12)) that
O(Wp) =

=
el
2
<
I
|

d(Wpr) =

S
E\
I

n(n—1)

|
Proof of Proposition[7} The proof is constructive. Given G =
(N, ), the conductance of a subset S C N with respect to
the probability transition matrix W is defined as

Ds(W)i= —— Y a(i)Wy,.

(30)
W(S) i€S,jeSc

With slight abuse of notation, for a subgraph H, with a vertex
set Sp, we define Py, (W) := $g, (W). Note that by the def-

inition of conductance (13)), we have ®(W) = ming ®g(W).
We say that a vertex set S C A on graph G = (N, &, w) is

a one-cut set if its complement A"\ S is a connected subgraph
of G. Similarly, we define mwo-cut set S3 C N to be a set
whose complement A\ S consists of two disjoint non-empty
connected subgraphs #; and Ha of G. We define

Gy = the left-most clique of the c-barbell graph.  (31)

For ¢y € [2, ], we also define

Ge, := co-barbell subgraph that includes the left-most

co cliques of the c-barbell graph, (32)

For example, G- is the barbell graph that contains the left-
most two complete subgraphs; whereas G. is the c-barbell
graph. Notice that matrices Wp« and Wp- are symmetric and
Markov chains with these transition matrices have the uniform
distribution as a stationary distribution. Lemmas [3]and [T4] are
on the conductance properties of one-cut and two-cut sets on
the c-barbell graph with respect to these transition matrices. In
particular, they imply that a set .S with minimal conductance
should be a one-cut set and has to be given by the vertices of
a subgraph G, for some ¢ € [1, ¢].

The proof steps of Lemma [14] derives the conductance values
of such subgraphs explicitly

11 — 1

Og,,(Wpu) = ——5, &g, (Wpr) =

= . (33)
co Cn

2¢oni(cn — 1)
Both of the expressions at are minimized for the choice
of ¢o = | §]. Therefore, the minimal conductance is attained
for the subgraph G| < |. Plugging ¢y = | 5] into the expressions
above directly yields the graph conductance values at (I8). The
bounds and follow from Theorem [3] and inequalities

(13). [

APPENDIX C
PROOF OF PROPOSITION [9]

It follows from Corollary [[5]and Lemma|T6] that the second
largest eigenvalues of Wp. and Wpr are given by:

8 1

A1(Wpu) = 17m+®(ﬁ)7
— 1 1
>\n—1(WPT) = 1- m — @(E)

This implies directly Moi(Wpr) = 1 — @(#) and
A—1(Wpu) = 1 — ©(-), which completes the proof of
Proposition [9]

APPENDIX D
SUPPORTING LEMMAS

The following two lemmas are about the conductance prop-
erties of the subsets of a c-barbell graph.

Lemma 13. Consider a reversible Markov chain on a c-
barbell graph with a uniform stationary distribution. Let H,
be a subgraph of G whose vertex set is a non-empty two-cut set
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Sy satisfying |Sp| < % Then, there exists another subgraph
Ho of G such that @5 (W) < $gq(W).

Proof of Lemma [[3} Let C; and C5 be the vertex sets of
two disjoint non-empty connected subgraphs within A/ \ Sy
satisfying N' = C; U Sg U C’g Note that C;, N Cy = 0
implies either |C; U Sp| < T or [Cy] < \2| Using the
fact that the transition matrix W of a reversible Markov
chain with a uniform stationary distribution is symmetric, the
definition (30) implies ®¢,us, (W) = ®¢,(W). Without loss
of generality, choose Hy to be the subgraph with vertices
So = C1 US, with |Ch U So| < I (otherwise, pick the
subgraph with vertex set Co instead) then

By, (W ‘S|(ZW2]+ZW”)
i€So i€So
JjeCh ]ECg
> Wi > = Z Wij = @y, (W),
~ 1Sl 0| et |s | -
JjeCs ]Ecz
which proves Lemma [I3] [

Lemma 14. Consider a Markov chain on a c-barbell graph
with a probability transition matrix W. If W = W pu or W =
W pr, then for any subgraph Ho having a one-cut vertex set
Sy, there exists a subgraph G, for some cy € [1,c| such that
@g,, (W) < Oy, (W) where G, is defined by and (32).

Proof: For any subgraph 7, having a one-cut vertex set Sp,
we can always a find a subgraph G., with vertex set V.,
for some ¢y € [1,¢] such that either V.,_1 C So C Vg,
or Veoo1 C 5§ C Ve, (with the convention that G, is a
singleton graph with a vertex set )V consisting of a single
node). Let H§ be the subgraph with vertex set S§. Since
Dy, (W) = ‘I)HS(W) for both W = Wpr and W = W pu,
without loss of generality we can assume that H satisfies the
property V.1 C Sp C V,, (otherwise, we can replace #g
with H§ in the proof below). It follows after a straightforward
computation (similar to the proof technique of Lemma [16)
that transition probability matrices W p« and W pr on ¢ — K5
admit the explicit formula

1 — 1 /2n—-1
Wpalie e = —=, [Wpulis; ( )
(Weel: cn? W] T 22\ a1
— 1
Wpulij = s v
Wpeli ci(in—1)
and
— 1 — 1
Wprlpje = —————, Wprlirj =
Wprlis; 2(en —1) Werlis; n(cn — 1)
— 1
Wpr T =~ 4\
Werlis n(cn — 1)
where ¢* and j* denote two adjacent nodes belonging to

different complete subgraphs of ¢ — Kj;, i.e., those with degree
7, and (i,7) € € or (i*, ) € € such that ¢ and j denote nodes
in ¢ — K5 with degree 7 — 1. It is worth noting that [Wpr];« ;-
is greater than [Wpu]i*j* as in the K — K case. Hence,

1
E Wpu” ——
con cn

1€So
JES]

(I)Ho (Wpu = (I>Qc0 (Wpu).

|30|

In the case of W = W pr, let Py C Sy be the subset of nodes
in the subgraph K that contains nodes from both Sy and S§’
— if no such K exists, then Sy corresponds to a subgraph
G, for some ¢y € [1, ¢]. Now consider the former case, let us
denote mg := |Py| < 7. The number of edges between Py and
S§' is given by mq (7 —my). This is due to the fact that each
node in Py has exactly (7 —mg) many edges that connects Sy
to its complement. We have also mq(ii —mg) > % for 7 > 2.
This yields

1 mo(fL — m())

Pro(Wer) = 1S “Fi(cii— 1)

o 2l 2

1€So
JESS

1 1
lcon| 2(en — 1)

v

= ®g,,(Wpr).

Corollary 15. Under the setting of Proposition[8} assume that
the weight matrix w is normalized, i.e., Z?:1 w;j = 1 for all
it € N. Then W = w is a doubly stochastic matrix and the
eigenvalues of W become

o Ao = 1 with multiplicity one,

o \p = —1+ (A+ Q)+ F with multiplicity one,

e A. = D — C with multiplicity 2n — 4,

e = L(FrG-a=Vs),
where A,B,C,D,E F,G and S are as in Proposition
Moreover, A satisfies

A+:%(F+G—A+ VF—G+AP+1BE), (34

and is the second largest eigenvalue, i.e. A,_1(W) = Aj.

Proof: Since w is normalized, Proposition [§] applies with A +
G+ FE =1 and B+ F = 1. Thus eigenvalues simplify to the
forms given in the statement. Note that

VS =/(F+G—-A)2 - 4(FG — BE — AF)
= /(F -G+ A)? +4BE > 0.

Therefore, A\ satisfies the equality (34). Note that A, = 1 is
the unique largest eigenvalue since W is stochastic. It remains
to show that A is the second largest eigenvalue. We can write

- 1)B?

Ay = (F+G A+|F - G+A|\/1+

>

N = N

(F+G—A+|F -G+ A).

There are two cases: F' > (G — A) or F' < (G — A). In both
cases, we observe that A > F' > 0. Since A+ G+ E =1,
we also have A+ G —1 = —FE < 0. Therefore \y, = F — E <
F < )\y. Furthermore, A\, = D —C < F =D+ (n—2)C
since C' > 0; therefore A\, < F' < A,. Finally, A, > 0 since
S > 0. These observations show that A is non-negative and
is the second largest eigenvalue. [ ]

Lemma 16. Consider the setting of Proposition [§

F—G+ A7

2)
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(i) If W = W pu, then Proposition |8 applies with A = A",
B=B" C=C% D=D"and G =G" where

A“:g By n—1 w _ 2
n?’ n?(0.5n — 1)’ n(n—2)’
Du:713_37124-271—1-27 G“:l—n+1.
n?(n —2) n?

The second largest eigenvalue of W pu is given by

- n2+n-8 1
An—1(Wpu) = - m + 3 Sy
8 1
= 1—-—" il
n2(n — 2) + ®(n4)’

u __ 4n°424n%—156n+192
Jor S5 = (0.5n—1)2n3

(ii) If W = W pr, then Proposition @ applies with A = A",
B=B",C=C", D=D" and G = G" where

1 2 2
AT — B" = C" =
2(n—1)’ n(n—1)’ n(n—1)’
2
_ 1.5n —
pr_m 2n—|—2’ ar—1-_ on 2.
n(n —1) n(n —1)

Moreover; the second largest eigenvalue of W pu is given

by

- 1 1
e r) = 1= ———+4+ =45
1 1
= 1 - — — J—
n(n —1) ®(n3)7
r _ _4n—8
fOV Sn—m

Proof: We first compute the entries of both P" and P”
matrices explicitly for the barbell graph (i.e. K; —Kj). Former
one can be found directly from degrees of the nodes,

2A(n—1) if 4 ¢ {Z*,]*},
ﬁ if i € {i*,j*}.
Calculating P" requires us to find effective resistances on the

graph. Following definition of resistance allows us to calculate
them using Cayley’s formula for complete graphs,

U __
PL]_

R # of spanning trees passing through (i, j)
Yo # of spanning trees '

Remember that complete graph with 7 vertices has 7" ~2

spanning trees, therefore barbell graph has 7*"*~*(n" 2 x

7"~2) spanning trees. Let K be the number of trees passing
from an edge then K x (3) = 7" %(n — 1). So we have
K = 2773, This implies that number of spanning trees pass-
ing from an edge is 22" ~5 on barbell graph, and definitely
the number of spanning trees passing from the edge (i*,;*)
is n?"~4. This implies, R;; = 1 if (i, ) € {(&*,j*), (5%, i)},
R;j = 2 otherwise. Once we have explicit characterizations
of P and P", using Lemma 2] we can compute the entries
of Wp« and W p- to be given as in (i) and (ii). The second
largest eigenvalues of matrices Wp. and Wp follow from
Corollary [T3] ]

Lemma 17. [65| Egn. (2.2)] Let W be the transition matrix
of a Markov chain with stationary distribution 7. Let j be a
neighbor of i, i.e. j € N, then Hy (i — j) < (m;Wj;)~ L.
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Supplementary File

PROOF OF PROPOSITION [§]

The proof follows by adapting the proof of [44, Proposition 5.1] to our setting with minor modifications. It is based on
exploiting the symmetry group properties of the barbell graph with algebraic techniques. We first give relevant background
material below before going into the details of the proof.

Background Material

Consider a weighted graph G = (N, &, w). A permutation p : N — N is a mapping that rearranges the vertices, i.e.
it is a bijection from the node set A to itself. We consider a permutation group H, which is a group whose elements
are permutations of A/ and whose group operation is the composition of permutations in H. By the group property, if two
permutations s1,s2 € H, then the composition s;so € H and in particular the identity permutation e which maps all the
elements of A to itself is also contained in H. The group that contains all the n! permutations defined on N is denoted as
Sh.

The direct product (Hy x Hs) of two groups Hy, Ho is defined as the group that consists of elements from the Cartesian
product of H; and Hy with the elementwise composition, i.e. (hy,ho) € (Hy X Hs) if and only if hy € Hy and hy € Ho
and if (h1,hs) € (Hy x Hy) and (hy,hs) € (Hy x Hy) then the composition operation - over (H; x Hy) is defined as
(h1, ha)- (iLl, iLQ) = (hlﬁl, hgﬁg). A subgroup M of a group H is normal if for all h € H and m € M we have hmh™! € M.
The semidirect product Hy x Hy of two groups H; and Hs is the group that consists of elements h = hiho with hy € H;
and hy € Hy and the subgroup H; is normal in Hy x Hs with the condition H; N Hy = {e}. The orbit O; of an element
i € N, under a permutation group H is the set O; :== {v € N' | 3s € H s.t. s(v) = i}. In other words, the orbit of node i is
the set of vertices that can be mapped to 7 by an element of the permutation group H. This definition creates an equivalence
relation ~ on N; for 4,5 € N, we say i ~ j if O; = Oj. In particular, equivalence classes form a partition of N.

A permutation s is called an automorphism of the weighted graph G if the weight matrix w is invariant under s, i.e. if
w(i,j) = w(s(i),s(j)). From this definition, an automorphishm s also satisfies W (i,j) = W(s(i), s(j)) where W (i,5) =
w(i, §)/ 32 jen, w(i, 7) is the transition probability. We are interested in such permutations that preserve the structure of w and
therefore . The group of all automorphisms with the operation of composition of permutations is called the automorphism
group of the graph and is denoted by Aut(G). Let S be a subgroup of Aut(G) and consider the orbits {O;};cn under the
permutation group S which partition the set A'. We define orbir graph to be the graph whose vertices consist of the equivalence
classes O; for i € N and we consider an induced Markov chain on the orbit graph with probability transition probabilities
defined as

Ws(0:,0;) = Y W(i,j). (35)
J'€0;
This Markov chain is also called the orbit chain. It can be shown that the definition of the weights W above does not depend
on the choice of the element i from the set O; (see e.g. [44]).

Proof

First, we consider the automorphism group of the barbell graph K — K5 with edge weights given by Proposition [§] Consider
the nodes 7. and j, that connect the complete subgraphs of the barbell graph and without loss of generality assume that we
enumerate the nodes so that i, = n, j, = n+ 1 and a node ¢ < n is on the complete subgraph on the left hand-side and
any node 5 > n + 1 is on the complete subgraph on the right-hand side. We see from the symmetry structure of W that if
we take any two nodes from a complete subgraph and permute them, this would be an automorphism. Similarly, swapping
the two complete subgraphs between them would be an automorphism; i.e. the permutation Cs : N' — A/ that maps i %
mod (n + 1) is an automorphism. It follows from these observations that the automorphism group of K; — Kj is the group
Cy X (Si—1 X Si—1) (see also [44] for more details). It is known that for any subgroup S of the automorphism group, the
eigenvalues of the transition matrix Wg defined by should also be an eigenvalue of the transition matrix W (see e.g. [44}
Section 3]). Note that the square matrix Wg has dimension ng X ng where ng < n, so the set of eigenvalues of Wg are a
subset of the set of all eigenvalues of TV. We are going to use this result to prove the Proposition [§] Next, we consider the
eigenvalues of the transition matrices Wy of the orbit chains under subgroups S of Cy X (S;—1 X S;H-1):

a) The orbit chain under Cy x (S;—1 X S;—1) (Figure [8) has the transition matrix

A+G E
A+G+E A+G+E
E (n—1)F
(n—1)F+E (n—1)F+FE

Since A\, = 1 is an eigenvalue, and its trace is the sum of eigenvalues; it follows that the other eigenvalue of this matrix is

given by \p = —1 + Afng + HLB.
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(n—1F A+G
Fig. 8: Orbit graph under C X (Sz_1 X Sp—_1)

A—=2)D+ (1-3)C)

A+G

Fig. 9: Left: Orbit graph under C5. Right: Orbit graph under Cs X (S;_2 X Si—2)

b) Consider the orbit chain under C5 illustrated on the left panel of Figure O] This orbit graph has two orbits under
permutation Sy _1: One of them contains only one node (the node with a self-loop with weight (A + G)) and the other orbit
has the remaining 7 — 1 nodes. Notice that the latter orbit has identical 7 — 1 elements and therefore the permutation group
Cy X (Si—2 X Si_2) fixes one of the nodes having a loop with weight D and permutes the remaining 7 — 2 nodes among
themselves without affecting the orbit with one node. Therefore, by [44, Thereom 3.1], the eigenvalues of the transition matrix
W' of the orbit graph obtained by the permutation group S = Cs X (S;—2 X S;—_2) (illustrated on the right panel of Figure EI)
are also eigenvalues of the transition matrix W. The transition matrix W' is 3 x 3 with three eigenvalues, including A, and X,
that we have already found at part (a). The third eigenvalue \. can be computed from the transition matrix W' of the orbit
chain under CQ X (Sﬁ_g X S~_2)Z

A+G
("-1)B1AIC * *
* # *
("—2)C+D+B ;
. . D+(i—3)C

B+D+(7—2)C

where we use * to denote the entries of this matrix that will not be relevant to our discussion. In particular, the eigenvalues of
this matrix will be A\,, A\p and \.; the latter will be an eigenvalue of W with multiplicity 2n — 4. Again, using the fact that
the trace of a matrix is equal to the sum of its eigenvalues, we obtain

D-C
¢ F4+ B’

¢) Lastly, orbit chain under (S7_1 X S7—1) consists of four orbits: (72 — 1) points in the left and right complete graphs and
vertices i, and j, as illustrated in Figure [I0]

(A= DF @—DF

Fig. 10: Orbit graph under S;_1 X Sp—1

This orbit chain has the transition matrix of the form

F B
BEF B(JSF 0 0
4 0
A+E+G A+IE+G A+5+G 5
0 A+E+G A+E+G A+E+G
0 0 _B_ _F_
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After a straightforward computation, it can be checked that this matrix has the eigenvalues, 1, \;, A_, (—1 + 45 + BLHJ)

YE+G
where
1 F G-A

+ =3

2 B+F+A+E+Gi\/§’

2
B P G- A 4(FG—BE—AF)
and S = (B+F + A+E+G> ~ (BFF)(AFELG)"

Remark 18. Boyd et al. [44] studied the case Wix;« = 0 = W« j« where similar orbit chains and graphs arise. The proof of
Proposition (8| given here is a minor modification of the original proof of Boyd et al. [44, Proposition 2.2] and extends it to
the more general case where Wi«;« or Wi« ;= can be strictly positive.
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